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Abstract
We complete the duality cycle by constructing the geometric transition duals in the type
IIB, type I and heterotic theories. We show that in the type IIB theory the background on
the closed string side is a Ka¨hler deformed conifold, as expected, even though the mirror
type IIA backgrounds are non-Ka¨hler (both before and after the transition). On the other
hand, the Type I and heterotic backgrounds are non-Ka¨hler. Therefore, on the heterotic
side these backgrounds give rise to new torsional manifolds that have not been studied
before. We show the consistency of these backgrounds by verifying the torsional equation.
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1. Introduction
One of the most active areas of research during the last year has been directed towards
deepening the links between string theory and realistic supersymmetric gauge theories.
Four years ago three different approaches linked non conformal N = 1 supersymmetric
gauge theories with D–branes wrapped on cycles of Calabi–Yau manifolds and flux com-
pactifications of ten–dimensional string theories [1][2][3]. The approach of [1] dealt with
the conifold supergravity solution describing a cascade of Seiberg dualities from the UV to
the IR. The IR theory is a deformed conifold, where the conifold singularity was replaced
by an S3 cycle.
The approach of [2] was based on a type IIA duality [4] between open topological
strings on Lagrangian submanifolds and closed topological strings on a resolved conifold.
By identifying IR gauge invariant quantities (gluino condensate) with volumes in the re-
solved conifold, a powerful duality between wrapped D6 branes and flux compactifications
was developed. The type IIA duality was then extended to many examples of mirror type
IIB duals [5][6][7][8][9][10][11]. In the type IIB theory the duality relates the IR dynamics
on D5 branes wrapped on resolution P 1 cycles and fluxes on S3 in a deformed conifold.
In [3] the supergravity solution of an NS5 brane wrapped on a two cycle of a non-
trivial background was analyzed. This approach mainly discussed the open string side
of the type IIB duality, where supersymmetry was broken to N = 1 by performing a
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twist. These type IIB developments were stimulated by the fact that there is an already
well–known and accepted form for the flux superpotential [12]
WIIB =
∫
(HRR + τHNS) ∧ Ω, (1.1)
where HRR is the RR flux, HNS is the NS flux, τ is the axion-dilaton and Ω is the
holomorphic three–form. For most cases that were considered, the 3–cycles of the manifold
were P 1 fibres over elliptic curves and this allowed a direct connection to Seiberg–Witten
curves [5] and matrix models [10][11].
The duality on the type IIA side is harder to study because Lagrangian submanifolds
that can be wrapped by D6 branes are not easy to obtain. One important ingredient in
the discussion of [2] was the fact that the duality required a closed string side with dΩ 6= 0,
i.e. a non–complex, non–Ka¨hler manifold. As the mathematical apparatus to describe
these manifolds has not yet been developed their construction turns out to be difficult as
well. The first step in this direction was taken in [13] where the results of [14] were used
to describe half–flat manifolds as examples of backgrounds with dΩ 6= 0.
One very explicit example of type IIA duality was worked out in [15] (other type II
models with torsion appeared in [16][17][18][19]). Starting with a conformal Calabi–Yau
solution on the type IIB side corresponding to D5 branes wrapped on the resolution P 1
cycle of the resolved conifold [20] the mirror type IIA picture was obtained performing
three T–dualities using the Strominger, Yau and Zaslow (SYZ) technique [21]1. Since the
SYZ technique works properly when the base of the manifold is much bigger than the
T 3 fiber, the limit of large complex structure was taken2. By identifying three angular
directions, the type IIA dual with D6 branes wrapped on 3–cycles inside a non–Ka¨hler
deformation of the deformed conifold3 was obtained.
1 Brane configurations obtained by one T–duality from configurations with D5 branes wrapped
on P 1 cycles have been discussed in [22][23][24][25][26].
2 There is a subtlety though. The technique of [21] is valid in the limit where the base is
large, whereas geometric transitions occur in exactly the opposite limit. Therefore using three T–
dualities, we should not expect to get the right metric. In fact, this is exactly what was shown in
[15] as the metric obtained by naive T–dualities was missing some crucial components. The correct
metric was only extracted after some non–trivial coordinate transformations were performed [15].
3 Examples with D6 branes wrapped on generalized calibrated submanifolds inside non–Ka¨hler
spaces have been recently discussed in [27].
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Furthermore, the non–Ka¨hler geometry with wrapped D6 branes was connected to
another non–Ka¨hler geometry with fluxes [15]. This was done by lifting the type IIA
configuration with D6 branes to a manifold with torsion and G2–structure by performing
a flop in this seven–dimensional manifold. This allowed us to replace D6 branes by RR
two–form fluxes and the torsion classes of the deformed geometry with the torsion classes
of the resolved geometry. The final result was an N = 1 compactification with RR fluxes
on a non–Ka¨hler manifold with dJ 6= 0 and dΩ 6= 0 with a superpotential [13]
WIIA =
∫
(J + iB) ∧ dΩ. (1.2)
The goal of the present paper is to connect the closed type IIB theory to the closed
type IIA theory, something that was not done in [15]. We shall show that the result is
a complex Ka¨hler manifold with a closed three–form Ω and a superpotential given by
(1.1). By taking the same limit of large complex structure, we perform three T–dualities
to go to a type IIB geometry where the limits taken in [15] are naturally reconstructed. In
other words, the limits of large complex structure between the type IIB geometries with
D5 branes and with fluxes are naturally identified. This is a very important check of our
duality cycle and confirms our approach.
Having completed the cycle of geometric transitions in the type IIA and type IIB
theories we will extend this cycle to the type I and heterotic strings. To do so we use
Sen’s idea [28] of going to an orientifold limit of the type IIB theory and from there to
the type I theory by performing two T–dualities. More precisely, we first need to build a
metric which is invariant under the orientifold action by eliminating terms of the type IIB
metric that are not invariant under the orientifold operation. Our metric is valid only at
the orientifold point, in the perturbative regime. When non–perturbative effects become
relevant, the orientifold plane splits into (p, q) seven branes and when these, together with
the initial D7 branes, are moved to infinity, the usual type IIB metric should be recovered4.
This assumption will be crucial later when we determine the metric at the orientifold point.
When the type I string is compactified on a non–Ka¨hler manifold5 the superpotential
(1.1) is mapped into [29]
WI =
∫
(HRR + idJ) ∧ Ω, (1.3)
4 It remains an open problem how to describe the intermediate region, when there is a non–
trivial axion–dilaton and the metric is to be determined from the Seiberg–Witten curve.
5 In principle it could be also non–complex, as in type IIA, but the Donaldson–Uhlenbeck–Yau
equation for the gauge bundle requires the manifold to be complex.
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and the extra contribution from the D7 branes in type IIB is mapped to the holomorphic
Chern–Simons term for the SO(32) gauge field.
The natural final step is to connect this theory to the heterotic string compactified
on a non–Ka¨hler manifold. This theory has been studied in great detail over the last few
years [30][31][32][33][34][35]. The manifold obtained on the heterotic side is a non–Ka¨hler
manifold and the fluxes will appear as torsion [36]. In this theory the moduli stabilization
is achieved via the new superpotential proposed in [29] (see also [34])
Whet =
∫
(H + idJ) ∧ Ω, (1.4)
where H is the heterotic three–form satisfying dH = tr R ∧R− 1
30
tr F ∧ F .
An important aspect of our discussion is that we provide geometric transition duals for
both the type I and heterotic theories. Whether this implies transitions for (0, 2) theories
is not yet clear6. In order to check the existence of such a transition one should identify
the “sources” for the holomorphic superpotentials as topological strings. Some results for
the (0, 2) topological strings have appeared in [40], but more progress is needed in order
to clarify this issue.
Another rather important aspect of our U–dual type I/heterotic string configurations
might be their relevance for string cosmology, along the lines of [41] for the type IIB theory.
Indeed, within all of the corners of the M–theory moduli space, the heterotic string is
the most studied one and developed towards making contact with the standard model of
particle physics. In light of these developments an important goal of string theory is to
find consistent de Sitter vacua and a realization of inflation in the context of the heterotic
theory by identifying the inflaton field as a natural extension of the standard model.
In order to stabilize all the moduli fields of the heterotic string, compactification on
non–Ka¨hler manifolds have to be considered. When the non–Ka¨hler manifold is compact,
the radius can be shown to be stabilized at tree level by balancing the fluxes with the
non–Ka¨hlerity of the internal space [29]. In the simplest case only the dilaton remains to
be stabilized by including non–perturbative effects. On the other hand, for a Calabi–Yau
compactification, both the radius and the dilaton have to be fixed by non–perturbative
effects. This has been recently discussed in [42].
6 There are results related to definitions of mirror symmetry for such theories [37][38][39], but
a geometric transition has not yet been proposed.
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Interesting solutions of strongly coupled heterotic string theory in de Sitter space
have recently been obtained in [43]. Here it was shown that the balancing of two
non–perturbative effects, coming from open membrane instantons stretching between the
boundaries of heterotic M–theory and gluino condensation on the hidden boundary, leads
to meta–stable de Sitter vacua. It was possible to predict the masses of charged scalar
matter fields, the scale of supersymmetry breaking and the gravitino mass in a phenomeno-
logically interesting TeV scale.
Cosmological relevant models might be constructed by considering compactifications
of the heterotic on non–Ka¨hler manifolds. The above observations are rather encouraging
because the manifolds that we will construct here are all non–Ka¨hler. It remains to be
seen if our concrete Klebanov–Strassler type IIB solutions are relevant for cosmology. This
will be left for future work.
Our analysis in this paper will follow the road outlined in the figure below:
Ω (−1)FL σ Ω (−1)FL σ
TYPE IIB ON A RESOLVED
CONIFOLD WITH WRAPPED
D5 BRANES + NS FLUXES
TYPE IIB BACKGROUND
INVARIANT UNDER 
WITH D5 
BRANES AND NS FLUXES
TYPE I ON A NON−KAHLER
MANIFOLD WITH 
D5 BRANES AND NO FLUXES
HETEROTIC THEORY ON A
NON−KAHLER MANIFOLD
WITH WRAPPED NS5 BRANES
TYPE IIB ON A DEFORMED 
CONIFOLD WITH BRANES
REPLACED BY NS AND RR
FLUXES
TYPE IIB BACKGROUND
INVARIANT UNDER 
WITH FLUXES ONLY
TYPE I ON A NON−KAHLER
MANIFOLD WITH ONLY
BACKGROUND RR FLUXES
HETEROTIC THEORY ON A
NON−KAHLER MANIFOLD
WITH TORSION THREE FORM
ORIENTIFOLD
LIMIT
ORIENTIFOLD
LIMIT
GEOMETRIC 
TRANSITION
TWO T−DUALITIES TWO T−DUALITIES
S−DUALITY S−DUALITY
The boxes represent the duality chains and we will follow the arrows. The dotted arrows
are the earlier duality chains encountered in [15]. Here we confirm the mechanism of the
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geometric transition for type IIB theory. The type I heterotic duals will be obtained by
going to the orientifold corner of the type IIB compactification. It is tempting to argue
that there is a possible geometric transition between the two sides, although we will not
make such a claim herein.
Our starting point will be the type IIA background which we had discussed in great
detail in [15]. We will summarize the complete background both before and after the
geometric transition in section 2. These backgrounds will be used to go to the mirror
picture. We shall see that the mirror manifolds in the type IIB theory both before and
after the geometric transition has taken place are complex Ka¨hler manifolds, even though
the corresponding type IIA manifolds were non–Ka¨hler! This has been predicted earlier in
[1], [3], [2], and will be derived here from a SYZ type analysis [21]. Section 3 contains the
full analysis. Section. 3.1 gives a short summary of the type IIB background before the
geometric transition. This was studied earlier in [20]. New results are presented starting
in section 3.2, where we derive the Klebanov–Strassler kind background.
Having obtained the type IIB background, we then go to the orientifold limit. This is
achieved by uplifting the type IIB backgrounds to F–theory. F–theory naturally incorpo-
rates D7 branes and O7 planes. This will be explained at the beginning of section 4. We
derive the metric of the type IIB theory at the orientifold point and use this to reach the
type I theory. The type I metric is derived in section 4.1. Section 4.2 is devoted to the anal-
ysis after the geometric transition. The type I theory will show two different backgrounds:
one in which we have D5 branes wrapped on two–cycles of a non–Ka¨hler manifold, and
another one in which we have RR three-forms on another non–Ka¨hler manifold. However,
it is not clear to us whether this implies that if we shrink the two cycle with wrapped D5
branes then we get another manifold with no branes but RR fluxes. More work needs to
be done to reach any concrete conclusion. These details appear in sec. 4.
In section 5. we go to the heterotic background. In section 5.1 we derive the non–
Ka¨hler manifold with NS5 branes wrapped on a two cycle. In section 5.2 we derive another
non–Ka¨hler manifold with no branes but three–form torsion. The manifolds that we get
in the heterotic theory are new examples of non–compact complex non–Ka¨hler manifolds.
So far most of the examples presented in the literature were compact complex non–Ka¨hler
manifolds [30][31][32][29][33][34][35]7. We prove the consistency of these manifolds by ver-
ifying that they satisfy the torsional constraint [45][36].
7 It has been brought to our notice that ref. [44] studies some non-compact examples that
satisfy torsional equation.
6
Section 6 is devoted to studying some generic properties of the field theory, superpo-
tential and geometric transitions for the type I and heterotic theories.
Note added: While we were typing up our results, a paper appeared on the archive
[46] that has some overlap with our work.
2. Supergravity Analysis in Type IIA
In [15] an exact supergravity description of the type IIA geometric transition of [2]
appeared where the backgrounds both before and after the transition were presented. In
this section we will summarize the main results. The type IIA background was obtained
from the type IIB background involving D5 branes wrapping a two cycle of the resolved
conifold.
The metric of D5 branes wrapped on a two cycle of the resolved conifold is
ds2 = (dz +∆1 cot θ1 dx+∆2 cot θ2 dy)
2 + |dz1|2 + |dz2|2. (2.1)
Here we have replaced the metric of the two spheres of the resolved conifold with two tori
with complex structures τ1 and τ2. The complex one forms dzi, i = 1, 2, are defined as
dz1 = dx− τ1 dθ1, dz2 = dy − τ2 dθ2. (2.2)
For the case that was studied in [15], the complex structures τi can be chosen to be either
integrable or non–integrable, and they are in general given by
τ1 = f1 +
i
2
√
γ
√
h, τ2 = f2 +
i
2
√
(γ + 4a2)
√
h. (2.3)
Here, fi are not yet specified and γ, a are defined in [20]. For the case of an integrable
complex structure, i.e. when the transformation equations (5.49) and (5.50) of [15] can be
integrated to become finite transformations, the metric for the mirror type IIA manifold
is given by
ds2IIA = g1
[
(dz − bzµ dxµ) + ∆1 cot θ̂1 (dx− bxθ1 dθ1) + ∆2 cot θ̂2 (dy − byθ2 dθ2) + ..
]2
+ [g′2dθ
2
1 + g2(dx− bxθ1dθ1)2] + [g′3dθ22 + g3(dy − byθ2dθ2)2] + sin ψ [g4(dx− bxθ1dθ1)dθ2+
+ g′4(dy − byθ2dθ2)dθ1] + cos ψ [g′4dθ1dθ2 − g4(dx− bxθ1dθ1)(dy − byθ2dθ2)].
(2.4)
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The variables appearing in the above metric are defined in [15] with a choice of g′4, g
′
2 and
g′3 given by
g′4 = 2
√
〈α〉1〈α〉2 A1B1, g′3 = 〈α〉2(1 + A21), g′2 = 〈α〉1(1 +B21). (2.5)
Observe that with this choice of integrable complex structure, we almost obtain the correct
type IIA metric. In fact, we see that when we identify
〈α〉1 = 〈α〉2 = α, A1 = A, B1 = B (2.6)
then the metric (2.4) becomes exactly the non–Ka¨hler deformation of the deformed coni-
fold. This can be achieved directly by choosing a non–integrable complex structure on the
type IIB side (basically related to the finite transformation that we discussed in [15]).
2.1. Background before geometric transition
The background i.e. the metric, the HNS field, the coupling gA and the gauge field A,
before the geometric transition can be given precisely. The metric has the following form:
ds2IIA = g1
[
(dz − bzµ dxµ) + ∆1 cot θ̂1 (dx− bxθ1 dθ1) + ∆2 cot θ̂2 (dy − byθ2 dθ2) + ..
]2
+ g2 [dθ
2
1 + (dx− bxθ1 dθ1)2] + g3 [dθ22 + (dy − byθ2 dθ2)2] + g4 sin ψ [(dx− bxθ1 dθ1) dθ2
+ (dy − byθ2 dθ2) dθ1] + g4 cos ψ [dθ1 dθ2 − (dx− bxθ1 dθ1)(dy − byθ2 dθ2)].
(2.7)
We see that in the absence of the B fields bxθ1 and byθ2 the above metric reduces to a
Ka¨hler deformed conifold, as expected. In the presence of B fields the fibration structure
is well defined. We will see later in other examples, that the B–field dependent fibration
structure is universal. The three–form H is given by
HNS = −
√
α3A (A dA+B dB) ∧ dθ1 ∧ dz +
√
α3(A dA+B dB) ∧ dy ∧ dθ2
+
√
α dA ∧ dθ1 ∧ dz +
√
α3 B (A dA+B dB) ∧ (sin ψ dy − cos ψ dθ2) ∧ dz
−
√
α3 (A dA+B dB) ∧ dx ∧ dθ1 −
√
α dB ∧ (sin ψ dy − cos ψ dθ2) ∧ dz,
(2.8)
where HNS is the finite part of the three–form ĤNS defined as ǫ
−1/2HNS , with ǫ → 0.
All other fields are finite. The large background three–form can be traced back to the
large complex structure on the mirror type IIB side. This is of course consistent with the
requirement of mirror symmetry according to which a large complex structure is related
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to a large base manifold (which in turn is crucial to apply the SYZ conjecture). In fact,
as we will soon show, the BNS field when written in terms of 〈α〉1,2 instead of α becomes
pure gauge and therefore the corresponding HNS is zero! This will have an important
consequence when we go to the type IIB mirror side.
Finally, we need to specify the gauge fields and the coupling constant. The gauge fields
are associated with D6 branes wrapped on a three–cycle of the non–Ka¨hler manifold. In
terms of the mirror analysis that we performed in [15] the D6 branes are precisely the D5
branes wrapped on the resolution P 1 of the Ka¨hler resolved conifold in type IIB theory.
The background now is given by
A · dX ≡ ∆1 cot θ̂1 (dx− bxθ1 dθ1)−∆2 cot θ̂2 (dy − byθ2 dθ2), gA =
gB√
1− ǫ
α
(2.9)
and the three–form field is identically zero. This completely specifies the type IIA back-
ground before geometric transition.
2.2. Background after geometric transition
The background after geometric transition can also be explicitly determined. The metric
now takes the following form
ds2 =
1
4
(
2g2 − g4
ξ
)[
dθ21 + (dx− bxθ1 dθ1)2
]
+
1
4
(
2g2 +
g4
ξ
)[
dθ22 + (dy − byθ2 dθ2)2
]
+ e2φ
[
dz +∆1 cot θ̂1 (dx− bxθ1 dθ1) + ∆2 cot θ̂2 (dy − byθ2 dθ2)
]2
.
(2.10)
In the above equation we observe the familiar fibration structure again. In the absence of
bxθ1 and byθ2 the metric is exactly the resolved conifold metric. In the presence of the non
trivial fibration the metric becomes a non–Ka¨hler deformation of the resolved conifold. As
we saw above, before the geometric transition the metric is a non–Ka¨hler deformation of
the deformed conifold. The existence of these manifolds had been anticipated earlier in
the literature and their explicit form was determined in [15]. Compactifications of the type
IIA theory on these backgrounds result in consistent theories.
Furthermore, the three-form HNS is given by
HNS = −
√
α3A (A dA+B dB) ∧ dθ1 ∧ dz +
√
α3(A dA+B dB) ∧ dy ∧ dθ2
+
√
α dA ∧ dθ1 ∧ dz +
√
α3 B (A dA+B dB) ∧ (sin ψ dy − cos ψ dθ2) ∧ dz
−
√
α3 (A dA+B dB) ∧ dx ∧ dθ1 −
√
α dB ∧ (sin ψ dy − cos ψ dθ2) ∧ dz,
(2.11)
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where HNS is the same finite part of the three-form that we had before the geometric
transition took place. Thus this field is simply a spectator in this scenario and plays no
other role. As discussed above, this field is exactly zero when written in terms of 〈α〉i,
so we really do not have to worry about it. On the other hand, both the metric and the
gauge fluxes have changed completely (along with the dilaton). The gauge field and the
coupling constant are given by
A · dX = 2∆1 cot θ̂1 (dx− bxθ1 dθ1), gA = 2−
3
2 e−
φ
2 α−
3
4 . (2.12)
At this point the background has no D6 branes anymore because these are replaced by
fluxes, as expected in a geometric transition. To see explicitly that the D6 branes have
disappeared we need to consider how the corresponding M–theory harmonic form behaves.
Some aspects of this were discussed in [15]. The existence of a normalizable M–theory
harmonic form is an indication of the existence of localized gauge fluxes [47]. Similarly,
for manifolds that are non–Ka¨hler the existence of a normalizable harmonic form indicates
the existence of gauge fluxes [48]. To show that such localized gauge fluxes do not exist
after the geometric transition, one has to show that the harmonic forms become non–
normalizable. This analysis has still not been done explicitly, although some details have
appeared in [15].
3. Supergravity Analysis in Type IIB
In the previous section we presented the supergravity analysis for the type IIA string
before and after the geometric transition. In this section we will discuss the similar analysis
for the type IIB side. The geometry on the type IIB side before the geometric transition is
already known. It is a Ka¨hler resolved conifold with D5 branes wrapped on the resolution
two cycle of the resolved conifold with BNS and BRR (or the corresponding field strength
HNS and HRR), turned on. The BRR component is related to the D5 brane source. Most
of the details of this background can be extracted from [20] where this background was
derived. An alternative derivation in which a fourfold with fluxes is the starting point
can be found in our previous paper [15]. In the following we discuss the properties of this
background.
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3.1. Background before geometric transition
The metric and tensor fields before the geometric transition are
ds2 = h−1/2ds20123 + γ
′
√
h dr2 + (dz +∆1 cot θ1 dx+∆2 cot θ2 dy)
2+
+
(
γ
√
h
4
dθ21 + dx
2
)
+
(
(γ + 4a2)
√
h
4
dθ22 + dy
2
)
(3.1)
BNS = J1 dθ1 ∧ dx+ J2 dθ2 ∧ dy, F5 = K(r) (1 + ∗) dx ∧ dy ∧ dz ∧ dθ1 ∧ dθ2 (3.2)
H = c1 (dz ∧ dθ2 ∧ dy − dz ∧ dθ1 ∧ dx) (3.3)
The various quantities appearing in the above equations are defined in [20],[15]. The type
IIB axion–dilaton vanishes. This background is the IR limit of the corresponding N = 1
gauge theory which is supported on the wrapped D5 brane(s).
3.2. Background after geometric transition
In the previous section we discussed the background before geometric transition and in
the following we will determine its form after geometric transition. From the duality chain
presented in [15], the strategy becomes clear. One can try to construct the type IIB
background as the mirror of the type IIA background after geometric transition, i.e. the
mirror of (2.10). The only subtlety which arises in this approach is that on the type IIA
side the isometry along the ψ (or dz) direction is broken by the BNS fields even though
all other fields preserve this background.
In order to restore the isometry in the ψ direction we will perform the coordinate
transformation presented in equation (4.33) of [15]. This transformation eliminates the ψ
dependence of BNS . The two spheres of the type IIA metric (2.10) are invariant under this
transformation. On the other hand, the dz fibration is not. A similar situation appeared
before in [15]. In order to solve this problem we assumed that in the delocalization limit the
ψ dependence in the dz fibration can be easily absorbed. In this way the metric plus the
complete type IIA background will have the full isometries along the x, y and z directions.
Similarly we will assume in the present situation that after making the transformation in
equation (4.33) of [15] we recover the background with full isometries. As before, we would
like to remind the readers that this is the only assumption we make.
Using this, we can write the type IIA BNS field as:
ǫ
BNS√
α
= dx ∧ dθ1 − dy ∧ dθ2 + (Adθ1 −Bdθ2) ∧ dz (3.4)
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where α = (1 +A2 +B2)−1 as defined earlier. Moreover we define
α−10 = jxxjyy − j2xy = CD + (CB2 +DA2)e2φ (3.5)
with jmn being the components of the type IIA metric (2.10). After the mirror transfor-
mation, the type IIB metric is
ds2 =
1
Gzz
(
dz + Bµzdxµ + Bxzdx+ Byzdy
)2 − 1
Gzz
(
Gzµdx
µ +Gzxdx+Gzydy
)2
Gµν dx
µdxν + 2Gxν dx dx
ν + 2Gyν dy dx
ν + 2Gxy dx dy +Gxx dx
2 +Gyy dy
2.
(3.6)
The components Gmn are given by the following matrix elements:
G =

Gxx Gxy Gxz Gxθ1 Gxθ2
Gxy Gyy Gyz Gyθ1 Gyθ2
Gxz Gyz Gzz Gzθ1 Gzθ2
Gxθ1 Gyθ1 Gzθ1 Gθ1θ1 Gθ1θ2
Gxθ2 Gyθ2 Gzθ2 Gθ1θ2 Gθ2θ2

=

α0D1 −α0e2φAB 0 −α0
√
αD1 −α0
√
αe2φAB
−α0e2φAB α0C1 0 α0
√
αe2φAB α0
√
αC1
0 0 α0e
2φCD 0 0
−α0√αD1 α0√αe2φAB 0 C + α0√αD1 α0αe2φAB
−α0
√
αe2φAB α0
√
αC1 0 α0αe
2φAB D + α0αC1

(3.7)
where A and B have been defined in [15] and C and D were related to the mirror type IIA
metric:
C =
g2
2
− g4
4ξ
=
α
2
(
1 +B2 − AB√
(1 + A2)/(1 +B2)
)
D =
g2
2
+
g4
4ξ
=
α
2
(
1 +B2 +
AB√
(1 + A2)/(1 +B2)
)
.
(3.8)
C1 and D1 are short hand notation for
C1 = C +A
2e2φ, D1 = D +B
2e2φ. (3.9)
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Using the above form of the metric components (3.7), the dz fibration structure can be
shown to take the following form:
1
Gzz
[
dz −A[α0e2φD dx− ǫ−1√α (1 + α0e2φD) dθ1]
−B[α0e2φC dy + ǫ−1√α (1 + α0e2φC) dθ2]]2. (3.10)
The dz fibration structure can be re–grouped so that it takes a simpler form, in the
following way
1
Gzz
[
(dz + Aǫ−1
√
α dθ1 −Bǫ−1
√
α dθ2)−
Aα0 e
2φD(dx− ǫ−1√α dθ1)−Bα0 e2φC(dy + ǫ−1
√
α dθ2)
]2
.
(3.11)
The fibration structure has many interesting properties. First, the dx and the dy
directions are fibered over the base in the expected way due to the background BNS fields
on the type IIA side. The dx, dy fibrations are
dx− ǫ−1√α dθ1, dy + ǫ−1
√
α dθ2. (3.12)
Does this mean that in type IIB theory we get again a non–Ka¨hler manifold in the closed
string side? Furthermore, due to small ǫ, the non–Ka¨hlerity would be very large!
Fortunately, this is not the case as the fibration structure that we see above actually
cancels the transformations that we did earlier in the open string side of type IIB to get
the mirror type IIA manifolds! Thus even though there are non–trivial fibrations, these are
actually quite harmless and therefore will not produce any non–Ka¨hlerity in the manifold.
So we seem to recover a Ka¨hler manifold (at least at the fibration level) in the type IIB
picture. This is again supported by the other components of the metric which are:
ds2 =
[
C dθ21 + α0D1
(
dx− ǫ−1√α dθ1
)2]
+
[
D dθ22 + α0C1
(
dy + ǫ−1
√
α dθ2
)2]
+
[
0 · dθ1dθ2 − 2α0ABe2φ
(
dx− ǫ−1√α dθ1
)(
dy + ǫ−1
√
α dθ2
)]
.
(3.13)
Looking carefully at the metric we see that our old problem has come back to haunt us
again. The metric has no dθ1dθ2 factor. Whatever dθ1dθ2 factors were created via mirror
transformations have gone into the fibration. This means that the type IIA manifold that
we started with doesn’t really suffice, and we need to put a non–trivial complex structure
on it before we even start doing the mirror operation.
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In the following we will discuss the three parts of the metric, z–fibration and the two
lines in (3.13), separately. Let us denote the three terms by
ds2IIB = ds
2
z + ds
2
T + ds
2
12, (3.14)
where ds2z stands for the z–fibration, ds
2
T refers to the first line in (3.13), coming from the
two tori defined below, and ds212 describes the θ1-θ2 cross terms.
Let us define two tori with complex structures τ1 and τ2 in the following way:
dz1 ≡ dx− τ1dθ1, dz2 ≡ dy − τ2dθ2 (3.15)
where τ1 and τ2 are of the form:
τ1 = f1 + bxθ1 + i, τ2 = f2 + byθ2 + i. (3.16)
Here, f1 and f2 are still arbitrary and will be fixed below. The type IIA metric (2.10)
can now be written with non–trivial complex structures, as ds2 = jmn dx
mdxn, with jmn
being given by:
j =

jxx jxy jxz jxθ1 jxθ2
jxy jyy jyz jyθ1 jyθ2
jxz jyz jzz jzθ1 jzθ2
jxθ1 jyθ1 jzθ1 jθ1θ1 jθ1θ2
jxθ2 jyθ2 jzθ2 jθ1θ2 jθ2θ2

=

C1 e
2φAB e2φA −bxθ1C1 − f1C −e2φbyθ2AB
e2φAB D1 e
2φB −e2φbxθ1AB −byθ2D1 − f2D
e2φA e2φB e2φ − ǫ −e2φbxθ1A −e2φbyθ2B
−bxθ1C1 − f1C −e2φbyθ2AB −e2φbxθ1A CF1 + b2xθ1C1 e2φABbxθ1byθ2
−e2φbyθ2AB −byθ2D1 − f2D −e2φbyθ2B e2φABbxθ1byθ2 DF2 + b2yθ2D1

(3.17)
F1 and F2 used in the above metric are defined as follows:
F1 = 1 + f
2
1 + 2f1bxθ1 , F2 = 1 + f
2
2 + 2f2byθ2 (3.18)
and the other quantities have been defined in [15].
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In the above matrix components, observe that we have again shifted the jzz compo-
nents by ǫ, i.e.
jzz =
lim
ǫ → 0 (e
2φ − ǫ). (3.19)
The two spheres (which we have now taken as two tori) have the following metric
ds2T (IIA) = C |dz1|2 +D |dz2|2 (3.20)
with C, D defined above. The dz fibration structure changes as (3.19).
After the mirror transformation on the metric (3.17), some of the components of the
mirror metric are not affected by the non–trivial complex structure. They are
Gxx = α0jyy = α0(D + e
2φB2), Gyy = α0jxx = α0(C + e
2φA2) (3.21)
alongwith the other two components:
Gxθ1 = α0(Byθ1jxy −Bxθ1jyy) Gxθ2 = α0(Byθ2jxy −Bxθ2jyy) (3.22)
and similarly Gyθ1 and Gyθ2 . Here Bmn denote the BNS fields as it appeared earlier in
(3.4). With the choice of an integrable complex structure in type IIB before geometric
transition, the BNS fields take the following form:
ǫ BNS =
√
〈α〉1 dx ∧ dθ1 −
√
〈α〉2 dy ∧ dθ2 + (A
√
〈α〉1 dθ1 −B
√
〈α〉2 dθ2) ∧ dz (3.23)
where 〈α〉i have already been defined in sec. 2. One can now easily see that this B field is
actually a pure gauge! In other words BNS = dΛ. We will derive the form of Λ below.
Our next goal is to get a non-vanishing dθ1dθ2 term in the metric component ds
2
12.
According to the arguments of [15], this can be achieved by using a non–trivial complex
structure. However, the metric on the type IIA side (2.10) is much more involved since it
is non–Ka¨hler. Therefore, it is necessary to go through the whole argument once again to
check if it applies to the present case.
Using a complex structure more complicated than τ = i will result in non–vanishing
metric components Gzθi etc. As a consequence the metric along the θiθj (i, j = 1, 2)
directions will have the following form (excluding the B–dependent terms which go into
the z–fibration):
ds2θiθj =
(
Gθiθj −
GzθiGzθj
Gzz
)
dθidθj . (3.24)
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Let us compute this term by term. First we consider the Gzz component. Choosing
jzz = e
2φ − ǫ, we obtain:
Gzz = jzz − α0[jyyj2xz + jxxj2yz − 2jxzjyzjxy] = α0 CD e2φ − ǫ. (3.25)
The ǫ dependence is expected from the analysis of [15]. However, the finite and non–zero
part is more involved than the one of [15]. As a result all the subsequent components
will become more involved because of the non–Ka¨hler nature of the starting manifold.
Similarly the Gzθi component is
Gzθi = jzθi − α0[jxθijxzjyy + jyθijyzjxx − jxy(jyθijxz + jxθijyz)]. (3.26)
For i = 1, 2 one obtains
Gzθ1 = α0 f1 e
2φ CAD, Gzθ2 = α0 f2 e
2φ DBC. (3.27)
Observe that f1 = f2 = 0 implies a vanishing of Gzθ1 and Gzθ2 . This is consistent with
what we already know from our earlier analysis.
The other components, like Gxx, Gyy for example, remain unchanged from their values
with trivial complex structure of τ = i. In the following we will compute Gθ1θ2 . Using
mirror symmetry this component is given by
Gθ1θ2 = jθ1θ2 − α0 jxy Bxθ1Byθ2 − α0 [jyyjxθ1jxθ2 + jxxjyθ1jyθ2 − jxy(jyθ1jxθ2 + jxθ1jyθ2)].
(3.28)
The above relation is a special case of results obtained previously in [15]. In deriving (3.28)
we have inherently assumed a particular form for the BNS field, namely Bxθ2 = Byθ1 = 0.
However, the cross components are non–vanishing. This is where (3.28) would differ from
the equivalent formula that we had in the type IIB case of [15]. The existence of non–trivial
cross terms is related to non–Ka¨hlerity as well as non–trivial complex structures of the
two tori. For τ = i, the above relation turns into
Goldθ1θ2 = −α0 jxy Bxθ1 Byθ2 (3.29)
where we have assumed fi = 0. Including non–vanishing values for f1 and f2 results in a
simple extension of our previous results in [15], i.e.:
Gθ1θ2 = −α0 jxy Bxθ1 Byθ2 + α0 e2φ ABCD f1f2. (3.30)
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To obtain the final answer we still have to compute the Gzθi terms as in (3.24) (for i = 1
and j = 2), and we need to determine the functions f1 and f2. The relation (3.24) implies
ds2θ1θ2 = −2 (α0 jxy Bxθ1 Byθ2 + f1f2 AB ǫ) dθ1dθ2. (3.31)
Now we are close to obtaining the final expression for ds212. The first term in (3.31) is
the usual term we discussed before. The second term is important. We want the single
θ1–θ2 cross term, that does not arise from any fibration, to have the same pre–factor as
the x–y cross term from the metric obtained with vanishing f1 and f2. This is achieved
by choosing f1, f2 to satisfy the following relation:
f1 f2 = −ǫ−1 α0 e2φ. (3.32)
This is our first non trivial conclusion. The above relation is reminiscent to a result
obtained previously in [15]. If we set fi ≡ ±ǫ−1/2βi, then β1β2 = α0 e2φ. With this choice,
the metric for the θ1θ2 direction becomes simple, and is given by
ds2θ1θ2 = −2α0
(
jxy Bxθ1 Byθ2 − e2φ AB
)
dθ1dθ2 = −2α0 (jxy Bxθ1 Byθ2 − jxy) dθ1dθ2.
(3.33)
The last identification stems from the type IIA metric, and should remind the reader of a
similar coefficient in the type IIA case before geometric transition. Finally, the first term
in (3.33) can be combined with the metric components in the x, y direction to give us the
complete metric for the cross terms:
ds212 = 2α0 jxy
[
dθ1 dθ2 −
(
dx− ǫ−1
√
〈α〉1 dθ1
)(
dy + ǫ−1
√
〈α〉2 dθ2
)]
. (3.34)
Here we have substituted the values of the B fields in (3.23) to get the fibration structure
in the desired form. This is the full structure of the cross terms in the metric.
In the following we will obtain the fibration structure in the dx and dy directions.
As discussed above, this non–trivial fibration is rather harmless because when (3.34) is
written in terms of original type IIB coordinates before the geometric transition, the metric
is Ka¨hler. To make this discussion precise, let us rewrite the dx fibration more suggestively
(a similar argument will go through for the dy coordinate). First, we need the functional
form for 〈α〉1. This can be obtained from appendix 1 of [15]
〈α〉1 = 1
1 + ∆21 cot
2 θ1 +∆22 cot
2 〈θ2〉 ≡
1
a+ b cot2 θ1
. (3.35)
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Here 〈θ2〉, a and b are taken to be constants, and we have already defined ∆i. These are
all constants for the case considered in [15], δr = 0.
Using the above form of 〈α〉1, we will rewrite the dx fibration structure. We will
assume that b > a. The b < a case can be treated similarly. The fibration structure takes
the following form:
dx̂ ≡ dx− ǫ−1
√
〈α〉1 dθ1
= d
[
x+
ǫ−1
√
a√
b− a ln
(√
b− a
a
cos θ1 +
√
cos2 θ1 − b
a
sin2 θ1
)]
(3.36)
where x̂ is related to the coordinate that we started with on the resolved conifold side
before the geometric transition. After a simple sign change the dy fibration can be treated
similarly. The final result for the metric is
ds212 = 2 α0 AB e
2φ (dθ1dθ2 − dx̂dŷ). (3.37)
For completeness, let us also define
dẑ = dz + ǫ−1A
√
α dθ1 − ǫ−1B
√
α dθ2. (3.38)
In order to obtain the final result for the metric we still have to determine f1 and
f2 (or equivalently, β1, β2). This can be done using the reasoning laid out in [15]. The
functions f1, f2 can be determined from the metric of the two spheres (or equivalently,
two tori, as we did everything assuming them to be tori). Let us first consider the torus
described by the coordinates (θ2, y). For a trivial complex structure on the type IIA side
the metric along the tori direction can be extracted from (3.13). For non–vanishing f2,
the Gθ2θ2 component is
Gθ2θ2 = jθ2θ2 + α0 [jxx B
2
yθ2 − jyy j2xθ2 − jxx j2xθ2 + 2jxy jxθ2 jyθ2 ] (3.39)
After using a non–vanishing value for f2, terms proportional to f2 and f
2
2 appear. As a
result one obtains
Gθ2θ2 = A0 f02 +A1 f2 +A2 f22 (3.40)
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which terminates at this order because of the mirror formula (3.39). As it is also clear
that there would be no negative powers of f2. A similar analysis can be performed for the
component Gθ1θ1 , where the series will be determined by f1. The coefficients Ai are
A0 = D + α0 (C + e2φA2) B2yθ2 , A2 = D − α0 (C + e2φB2) D2
A1 = 2 D byθ2 − 2 D α0 (D + e2φB2)(C + e2φA2) byθ2 + 2 D α0 A2B2 e4φ byθ2
(3.41)
Let us consider these coefficients carefully. The first coefficient A0 also appeared for a
trivial complex structure. The second coefficient A1 can be shown to vanish. The third
coefficient A2 simplifies after substituting the values for α0 etc. As a result the additional
terms in Gθ2θ2 for non zero f2 can now be concisely written as:
A2 = α0CDB2e2φ, A1 = 0. (3.42)
The above is of course not the complete answer, as the metric along the θ2θ2 direction is
also influenced by Gzθ2 . We will evaluate this contribution below. But first, let us consider
the other component Gθ1θ1 . This is written in terms of f1 with coefficients Bi, i = 0, 1, 2,
given by
B0 = C + α0 (D + e2φB2) B2xθ1 , B1 = 0, B2 = α0CDA2e2φ. (3.43)
Now we are getting closer to the final result. The metric along the θ21 or the θ
2
2 directions
will get contributions from Gzθi and Gzz. This implies (again excluding the contributions
that are absorbed into the z–fibration ds2z):
ds2θ1θ1 = C + ǫ
−2α0α(D + e
2φB2)− β21A2
ds2θ2θ2 = D + ǫ
−2α0α(C + e
2φA2)− β22B2.
(3.44)
In order to complete our result we still need to determine β1 and β2. We take the results of
[15] as a guide. Requiring the terms ds2θ2θ2 and the yy component of the metric to be equal,
we can perform the coordinate transformation (4.33) of [15]. After this transformation the
metric takes the deformed conifold form. Therefore to get the value of β2 we have to
identify some parts of ds2θ2θ2 with Gyy. The part of ds
2
θ2θ2
that is relevant is of course the
one that does not go into the dy fibration structure: those that are independent of byθ2 or
α in (3.44). In other words, we have
D − β22B2 = α0(C + e2φA2). (3.45)
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Combining the above equation with (3.32) determines both β1 and β2. The result is
β1 =
√
α0 e
2φ√
e2φ CD − (C+e2φA2)(1−D2)
B2
β2 =
√
α0 e2φ CD − α0 (C + e
2φA2)(1−D2)
B2
(3.46)
The above functional form for β2 shows that the coefficients of ds
2
θ2θ2
and Gyy are the same.
On the other hand, the functional form for β1 implies that the coefficients of ds
2
θ1θ1
and
Gxx are not same. In the case studied in [15] the coefficients for both the tori were made
equal by going to a canonical basis. The choice of the canonical basis was possible there
because we took the case where δr = 0 and therefore the coefficients for the tori metric
were basically constants and could be absorbed in the definition of dθi. Here, however, the
metric of the tori in type IIA have coefficients that are functions of all the coordinates.
So a simple redefinition cannot be made; implying that we can bring only one of the tori
into the desired form. This causes no problem of course, because we are anyway making
coordinate transformation (i.e the transformation equation 4.33 of [15]) to one of the tori.
The final result for the type IIB metric is
ds2 = h1 [dẑ + a1 dx̂+ a2 dŷ]
2 + h2 [dŷ
2 + dθ22] + h4 [dx̂
2 + h3 dθ
2
1] +
+ h5 sin ψ [dx̂ dθ2 + dŷ dθ1] + h5 cos ψ [dθ1dθ2 − dx̂ dŷ]
(3.47)
with the hi defined below. This should be a Ka¨hler manifold as it lacks the B field
dependent fibration structure, which made the type IIA manifold non–Ka¨hler. This metric
is similar to the Klebanov–Strassler [1] background. In fact, there is a simple reason for
this. The BNS field we discussed on the type IIA side in (3.23) is pure gauge and can be
written in terms of dΛ. Defining ∆ =
√
1− k2sin2θ1 and k =
√
b−a
b , we see that
√
〈α〉1 dx ∧ dθ1 = 1
k
√
b
d [ln (kcos θ1 +∆)] ∧ dx
A
√
〈α〉1 dθ1 ∧ dz = 1
k
√
b
d
[√
b arctan
k sin θ1
∆
]
∧ dz
(3.48)
with similar relations for the θ2 coordinates. From the above relation we see that Λ can
be defined as follows:
Λ = [ln (kcos θ1 +∆)] ∧ dx+
[√
b arctan
k sin θ1
∆
]
∧ dz − {θ1 ↔ θ2, x↔ y} (3.49)
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up to an overall constant factor. Since the BNS field can be gauged away, the type IIB
metric remains Ka¨hler. On the other hand, the original type IIB BNS field given in [20],
[15] is not a gauge artifact and therefore does make the type IIA manifolds non–Ka¨hler —
both before and after geometric transition.
The two tori appearing in the type IIB metric have complex structures τ2 = i and
τ1 = i
√
h3. Using this we can define the corresponding metric as
ds2 = h2 |dz2|2 + h4 |dz1|2, dz2 = dŷ + i dθ2, dz1 = dx̂+ i
√
h3 dθ1. (3.50)
Here we have used the notation
h1 =
e−2φ
α0 CD
, h2 = α0 (C + e
2φA2), h4 = α0 (D + e
2φB2), h5 = 2 α0 e
2φAB
h3 =
C − β21A2
α0 (D + e2φB2)
, a1 = −α0 e2φ AD, a2 = −α0 e2φ BC
.
(3.51)
So far we have been mostly concentrated on deriving the background metric. In the
following we will determine other background fields, like BNS , BRR, the axion and the
dilaton. We will first consider the BNS field. After applying mirror symmetry, BNS is
found to be:
Bb =
(
B˜µν +
2B˜z[µGν]z
Gzz
)
dxµ ∧ dxν +
(
B˜µx +
2B˜z[µGx]z
Gzz
)
dxµ ∧ dx(
B˜µy +
2B˜z[µGy]z
Gzz
)
dxµ ∧ dy +
(
B˜xy +
2B˜z[xGy]z
Gzz
)
dx ∧ dy
+
Gzµ
Gzz
dxµ ∧ dz + Gzx
Gzz
dx ∧ dz + Gzy
Gzz
dy ∧ dz.
(3.52)
The above relation has already been derived in [15]. In the present case we have to take
into account that before T–duality the BNS field (3.23) changes due to the introduction
of a non–trivial complex structure in (3.16):
ǫ
BNS√
α
= dx ∧ dθ1 − dy ∧ dθ2 + (Adθ1 −Bdθ2) ∧ dz + AB(f1 + f2) dθ1 ∧ dθ2. (3.53)
Here we have taken the limit depicted earlier in (2.6) i.e. 〈α〉1 = 〈α〉2 = α. If we do not
consider this limit then this will again be a gauge artifact. The various components of B˜
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in the above relation (3.52) become
B˜NS =

B˜xx B˜xy B˜xz B˜xθ1 B˜xθ2
B˜yx B˜yy B˜yz B˜yθ1 B˜yθ2
B˜zx B˜zy B˜zz B˜zθ1 B˜zθ2
B˜θ1x B˜θ1y B˜θ1z B˜θ1θ1 B˜θ1θ2
B˜θ2x B˜θ2y B˜θ2z B˜θ2θ1 B˜θ2θ2

(3.54)
=

0 0 −α0e2φAD bxθ1 E3 −α0e2φABD f2
0 0 −α0e2φBC −α0e2φABC f1 byθ2 E4
α0e
2φAD α0e
2φBC 0 −ǫ−1A√α E2 ǫ−1B
√
α E1
−bxθ1 E3 α0e2φABC f1 ǫ−1A
√
α E2 0 ǫ
−1
√
αAB F3
α0e
2φABD f2 −byθ2 E4 −ǫ−1B
√
α E1 −ǫ−1
√
αAB F3 0

.
(3.55)
Here we have defined the quantities Ei and F3 in terms of C1 and D1 as follows:
E1 = 1 + α0e
2φC, E3 = 1 +
α0f1C D1
bxθ1
E2 = 1 + α0e
2φD, E4 = 1 +
α0f2D C1
byθ2
F3 = f1E1 + f2E2.
(3.56)
Substituting (3.54) in (3.52) we find that the θ1θ2 component of the B field, B
b
θ1θ2
, vanishes.
Note, that this could not have been achieved without taking the change in the B–field (3.53)
into account. The type IIB BNS becomes:
Bb = (bxθ1 + f1) dx ∧ dθ1 + (byθ2 + f2) dy ∧ dθ2 + (Af1 dθ1 +Bf2 dθ2) ∧ dz. (3.57)
Observe that the above structure of the B–field might look different from the original type
IIB field we considered in [15] before the geometric transition. This is due to the non–
zero values for the z components of the original type IIA B–field and also the underlying
non–Ka¨hler nature of the type IIA background. The non–Ka¨hler nature which arises due
to the non–trivial fibrations in the x, y and z directions causes cross terms in the type IIA
metric. These cross terms eventually become the B fields on the type IIB side. However,
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as we discussed before, if the B field components with coefficients f1, f2 are pure gauge,
the final result will be simply given by
Bb = bxθ1 dx̂ ∧ dθ1 + byθ2 dŷ ∧ dθ2 (3.58)
which, along with the Ka¨hler metric (3.47) will determine a background similar to the one
studied by Klebanov and Strassler in [1].
Similarly, we can determine the RR background fields. The RR fields are the axion
φ˜, the RR three form and the five form field strength. It is easy to see that
φ = 0, φ˜ = 0. (3.59)
The vanishing of φ˜ is a consequence of mirror symmetry. To see that the dilaton also
vanishes we have to consider the limit (2.6), where, without loss of generality we impose
the following value for the expectation values of α and φb (φb is the type IIA dilaton before
the geometric transition):
〈α〉 =
(
64e2〈φb〉
)− 1
3
. (3.60)
In fact, 〈φb〉 is close to zero [15] and therefore (3.60) fixes the expectation value of α to a
positive integer.
BRR can now easily be determined using mirror symmetry. From the exact super-
gravity background on the type IIA side we see that the gauge field has two components:
along the x and θ1 directions (2.12). In the M–theory analysis of [15] this choice of gauge
field was the simplest one. Of course, we could also consider other components, like y and
θ2. With this choice (2.12), the background BRR field (in new coordinates) becomes
BRR = −2A dŷ ∧ dẑ − 2e
2φA2
√
α
ǫ C1
(
dŷ − e
2φAB
C1
dx̂
)
∧ dθ1. (3.61)
This can be compared with [1]. It is also easy to see that the five form background
contains a factor of bxθ1 or byθ2 . This is crucial for the type IIB Bianchi identity to work
out correctly.
Before we end this section, let us summarize the full type IIB background that we got
by making a mirror transformation on the type IIA background:
ds2 = h1 [dz + a1 dx+ a2 dy]
2 + h2 [dy
2 + dθ22] + h4 [dx
2 + h3 dθ
2
1] +
+ h5 sin ψ [dx dθ2 + dy dθ1] + h5 cos ψ [dθ1dθ2 − dx dy]
BNS = bxθ1 dx ∧ dθ1 + byθ2 dy ∧ dθ2, BRR = −2A dy ∧ dz, φ = φ˜ = 0
(3.62)
where we have omitted the ̂ on the coordinates to avoid cluttering of formulae.
23
4. Supergravity Analysis in Type I
To determine the supergravity backgrounds in type I theory we need to reconsider
the whole scenario again. First, the background that we gave in the type IIB theory (or
even in type IIA) will never allow us to go to type I and correspondingly to the heterotic
theory. This is because type II theories have larger supersymmetries and to obtain the
chiral nature of type I we have to cut down half of the world sheet supersymmetries.
One way to cut down supersymmetries is by introducing an orientifold operation Ω.
However, as is well known, the operation that we need to generate the desired action so
that we get to the type I/heterotic theory, is not simply Ω, but a more involved one given
by
Ω · (−1)FL · σ, (4.1)
where (−1)FL reverses the space-time fermion numbers and σ is a pure orbifold action
which reverses an even number of directions.
The type IIB background that we studied in the previous section does not have an
orientifold action. But we know how to introduce such an action: by lifting the type IIB
background to F–theory. As studied in detail by Sen, the F–theory lift of a type IIB
background has an orientifold limit in the moduli space which is determined in terms of
some number of D7 branes and O7 planes located on the six dimensional base [28]. The
F–theory lift requires a four–fold which is a non–trivial T 2 fibration over a six–dimensional
base. To study the type I theory both before and after geometric transition, we need the
six–dimensional base to be close to a resolved conifold or a deformed conifold8. Let us first
consider the resolved conifold base.
The non–trivial T 2 fibration over a six–dimensional base needs to degenerate over
some points on the base. Since the T 2 can degenerate over an even dimensional space we
have the following four possibilities
(a) The T 2 degenerates over the full six–dimensional base.
(b) The T 2 degenerates over a four–dimensional subspace of the six–dimensional base.
(c) The T 2 degenerates over a two–dimensional subspace of the six–dimensional base.
(d) The T 2 does not degenerate over the base at all.
8 Recall that, in general, the four–fold base is not a Calabi–Yau manifold. Therefore, when we
say the base is a resolved (or deformed) conifold we mean some metric that is close to the resolved
(or deformed) conifold metric. It will soon be clear from the analysis below, what this means
exactly. For the time being we will continue calling the base a resolved (or deformed) conifold.
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Looking at the four choices, we can easily eliminate (a), (b) and (d). For the first
case, if the T 2 degenerates over the full six–dimensional base, then the σ action of (4.1)
will act on the full resolved conifold. This would imply that we need six T–dualities to
convert (4.1) to simply Ω
Ω · (−1)FL · σ T6−→ Ω, (4.2)
i.e. six T–dualities to go to the type I theory. Looking at the resolved conifold metric, we
see that we can only have three isometries (along the X, Y and Z directions)9. Therefore,
the first possibility cannot take us to the type I theory and therefore also not to the
heterotic theory. Similarly, the next choice of four T–dualities fails because we do not have
a sufficient number of isometries.
The fourth choice allows fluxes and branes because of non–compactness. However,
any number of T–dualities will only keep us in the type II theory and will never take us
out of this cycle. In other words, we can never go to the type I or heterotic theories using
the choice (d).
The final choice (c) where the fiber degenerates over a two–dimensional subspace
of the base seems to suffice for our purpose. There is one subtlety, as there are three
possibilities for the two–dimensional subspace with coordinates: XY, Y Z and XZ. The
question is then which one to choose, as we have equal isometries along the X, Y and
Z directions. The answer to this question is found by looking at the base of the four–
fold after the geometric transition, which changes from a resolved conifold to a deformed
conifold, as described in [23]. The deformed conifold base does not have three isometries
because it only has isometries along the X and Y directions. This would mean that if we
choose the two–dimensional base to be along the X and Y directions then (both before
and after the geometric transition) two T–dualities will take us to the type I theory (and
then to heterotic). In this way we can uniquely fix the four–fold in F–theory to be a T 2
fibration over a two–dimensional base with coordinates X and Y . In fact, the fiber torus
will degenerate 24 times over the base X, Y making this a K3 manifold. This chain of
arguments will allow us to determine the metric for the four–fold. Our first guess would be
that the four–fold is nothing but a non–trivial product of a K3 manifold and a four–cycle
which we can specify precisely. The four–cycle, which we shall henceforth call S4, will
9 We will use the upper case letters to denote the coordinates, and lower case letters to write
the metric components unless mentioned otherwise.
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be different before and after the geometric transition. The metric for S4 can be easily
identified. Before the geometric transition the metric can be written as
ds2S4r = γ
′
√
hdr2+(dz+∆1 cot θ1 dx+∆2 cot θ2 dy)
2+
γ
√
h
4
dθ21+
(γ + 4a2)
√
h
4
dθ22, (4.3)
where γ, γ′ are defined in [20], [15]. The function h is the overall warp factor coming from
the back–reaction of the branes and fluxes on the geometry. Similarly, the metric of S4
after the geometric transition is given by
ds2S4d = h1 [dz + ∆̂1 cot θ1 dx+ ∆̂2 cot θ2 dy]
2 + h2 dθ
2
2 + h4 h3 dθ
2
1 +
+ h1/2 γ′ dr2 + h5 sin ψ [dx dθ2 + dy dθ1] + h5 cos ψ [dθ1dθ2 − dx dy],
(4.4)
where hi was already defined in (3.51). The other new coefficients ∆̂i are defined as
∆̂1 = −α0 e2φ D ∆1 and ∆̂2 = −α0 e2φ C ∆2.
Looking at the metric of S4r we see that it is of the form S3×S1, where S3 has coordi-
nates (θ1, θ2, r) and S
1 has coordinate z. Naively, one is led to conclude that the F–theory
four–fold should be of the form S3 × S1 ⊗K3 with a metric ds2 = ds2S1 + ds2K3 + ds2S3 ,
where ⊗ denotes the non-trivial S1 fibration over the P 1 base of K3 with coordinates
X, Y . The full metric of this system has also been worked out earlier in [49],[30], [23].
Unfortunately the situation is much more involved here and this naive choice of metric
does not quite suffice for our case, as we shall explain below.
4.1. Background before geometric transition
As we discussed above, for the type I picture, we have to go to the orientifold corner of
the F–theory moduli space. This has been discussed by [28], so we will be brief. Another
relevant reference is [50], that discusses the F–theory lift of the Klebanov–Strassler solution.
However, in none of the above references the metric for the orientifold corner of the moduli
space has been computed. One might naively think that we can write the metric as
mentioned above, but due to the Z2 action this is a little subtle. The Z2 action arises from
the Weierstrass equation
y2 = x3 + xf(u) + g(u), (4.5)
where u is the coordinate of the base M and f, g are some specific polynomials given in
[28]. It gives rise to a type IIB compactification onM modded out by Z2 ≡ Ω · (−1)FL ·σ,
where σ is a pure orbifold operation
σ : X → −X, Y → −Y. (4.6)
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Now looking at (4.3) we see that the metric does not possess this symmetry. In fact, it is
broken by the components jxz and jyz. Furthermore, the existence of these components
is already problematic if we want to go to the type I theory. After two T–dualities these
components will transform into BNS fields and we know that the type I theory should not
have BNS fields!
A way out of this problem is to untwist the dz fibration. This can be achieved by
going to the double cover, where we write the metric along the z direction simply as dz2.
Recall that the twist of the dz direction originates from having two Taub–NUT spaces. A
T–dual version gives us two NS5 branes related to this [51], [52]. Alternatively the two
Taub–NUT spaces become two intersecting D6 branes in M–theory [53].
To obtain a metric with the required isometries that is also invariant under (4.6),
we first remove the wrapped D5 branes. This can be achieved by setting the harmonic
function h = 1. The metric of the resolved conifold after removing the wrapped D5 branes
becomes
ds2 = ds2xy + ds
2
Z + ds
2
S3
, (4.7)
with the notation used in earlier sections and in [15]. We will keep the metric along the
X, Y and Z directions as
ds2xy = (1 +A
2) dx2 + (1 +B2) dy2 + 2AB dx dy,
ds2Z = dz
2 + 2A dx dz + 2B dy dz,
(4.8)
where A,B are defined as before with the restriction h = 1. From the above metric we see
that the problematic components are dx dz and dy dz which are not invariant under (4.6).
The metric along the S3 direction can be written as
ds2S3 = γ
′dr2 +
γ
4
dθ21 +
γ + 4a2
4
dθ22 (4.9)
which is the same as before except that we have set h = 1.
As discussed, the above metric (which is simply the resolved conifold metric without
wrapped five branes) cannot suffice. We are looking for a metric in type IIB that has the
following properties:
(a) It should be invariant under (4.6).
(b) It should preserve some number of supersymmetries (i.e. N = 1).
(c) It should be close to the original type IIB metric in terms of its form.
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(d) It should allow wrapped D5 branes along with some number of D7 branes and O7
planes, and
(e) After two T–dualities, it should look close to the one obtained from T–dualizing the
resolved conifold.
Let us start with (a) and (c). A generic metric that is invariant under (4.6) can be written
in terms of two complex tori with complex coordinates χ1 and χ2 in the following way:
ds2 = d1 |dχ1|2 + d2 |dχ2|2 + d3 dz2 + d4 dr2 (4.10)
where di are some numerical coefficients that could in general be functions of the radial
and angular coordinates, i.e.
di ≡ di(θ1, θ2, r)
which is motivated from the fact that the metric should have the required isometries along
X, Y and Z directions. The complex coordinates χi above are defined in the following
way:
dχ1 = dx+ τ1 dy, dχ2 = dθ1 + τ2 dθ2 (4.11)
where τi are the complex structures of the given tori.
Expanding the above metric and keeping Re τ2 = 0, we see that the components can
be written as
ds2 = d1(dx
2 + |τ1|2 dy2 + 2Re τ1 dx dy) + d2(dθ21 + |τ2|2 dθ22) + d3 dz2 + d4 dr2. (4.12)
We make the following observations regarding various issues here:
• The non–trivial coefficients di cannot be arbitrary as the fourfold (which is a T 2 fibration)
over the base (4.10) has to be a Ricci–flat Ka¨hler manifold i.e. a CY fourfold. In the
orientifold limit, the fourfold is T 4/I4 × S4 where T 4/I4 is the orbifold limit of K310 and
S4 is a four–cycle parameterized by θ1, θ2, r, z.
• There are three regions of interest here: (1) When we are at the orientifold point.
The predicted metric at that point is the above metric (4.10). We expect the background
axion–dilaton (φ˜, φ) to be exactly cancelled in this background. (2) When we perturb one
of the D7 branes away from the O7 plane. This creates a non–trivial axion–dilaton in the
background. The metric is then calculated from the Seiberg–Witten curve. (3) When we
10 In fact it is a T 2 fibration over T 2/I2 base. As the reader can easily verify, this T
2/I2 is
precisely a base with four fixed points [28], [54].
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take the axion–dilaton far away so that there would be a local region where the expectation
values of the axion–dilaton would be zero. In this paper we will only discuss (1) and (3),
and leave (2) for future work.
• The full non–perturbative correction to this model can be worked out using the analysis
of [28], [55]. This non–perturbative correction arises when we move the D7 branes away
from the orientifold seven planes. This is very well known, so we will not repeat the
discussion. In the end, this would convert the T 2/I2 parameterized by X, Y to a P 1
with 24 singularities. These 24 singularities are the 24 zeroes of the discriminant of the
Weierstrass equation (4.5).
Let us concentrate on the region when we have moved the seven branes far away. The
generic metric along the X, Y direction will be a P 1 with fixed points. If we call the X, Y
plane the u-plane11, then the metric of the P 1 will be
ds2 = C
∑
i
dudu¯
|u− ui| 12
(4.13)
where u ≡ X + iY and ui are the points where the seven branes are located and C is an
appropriate constant. Consider now the case when we keep all the seven branes far away.
In terms of the metric (4.13) this will imply:
ds2 = C limui→∞
(∑
i
dudu¯
|u− ui| 12
)
→
∑
i
dudu¯
|ui| 12
, 〈φ˜〉 ≈ 0, 〈φ〉 ≈ 0. (4.14)
This means there is a region in our space where we could see the two cycle of the resolved
conifold on which we wrap D5 branes. Since in this limit the metric along X, Y directions
is approximately flat, the two cycle is given by (y, θ2) which is precisely the two cycle
that we encountered in the resolved conifold setting. The metric of this region cannot be
a Calabi–Yau due to back reactions from the seven branes. These back reactions can be
calculated using an analysis similar to the one presented in [57], [58].
So far we discussed the situation when we put the seven branes far away. Let us come
back to the case when we are at the orientifold point. The generic analysis using non trivial
values for the di in (4.10) is very involved. So, as a first approximation we will take all the
di to be constants. These constants are not arbitrary, and their choice will be motivated
by the approximation that we used in (4.14), namely deforming the orientifold picture by
moving the seven branes, so that the metric comes close to resembling a resolved conifold.
11 This is the same u-plane as that of Seiberg–Witten theory [56].
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As we discussed in (4.14), we can identify the two cycles of the original resolved
conifold. This is what we meant earlier by being close to the resolved conifold.
To identify various values here, we will use the approximation that we took in [15],
namely, we set the radial coordinate to a fixed value. Thus, γ etc. will be defined w.r.t.
that value. We would like to remind the reader that this is just to simplify the ensuing
analysis. A more detailed analysis can indeed be performed, but we will not do so here.
Let us now define the generic complex structure of the two tori as:
τ1 =
1
1 + A21
[
cA1B1 + i
√
〈α〉−1 + (1− c2)A21B21
]
, τ2 = i
√
1 +
4a2
γ
(4.15)
where A1, B1 are measured w.r.t. some average values of θ1 and θ2, respectively, as we
had mentioned earlier in section 2 and also in [15]. We have also introduced an integer
c that can take values 1 or 0. The precise value of c will be determined by the choice of
fluxes. We will soon evaluate this using the type IIB superpotential (1.1). For the choice
of c = 1, 0, the complex structure of the two tori become
c = 1 : τ1 =
1
1 + A21
[
A1B1 +
i√〈α〉
]
, τ2 = i
√
1 +
4a2
γ
c = 0 : τ1 = i
√
〈α〉−1 + A21B21
1 + A21
, τ2 = i
√
1 +
4a2
γ
.
(4.16)
Furthermore, if we now allow the following values for the coefficients di in (4.10)
d1 = 1 +A
2
1, d2 =
γ
4
, d3 = 1, d4 = γ
′ (4.17)
we see that the metric (4.10) comes very close to (4.7). In the limit (2.6) they will resemble
exactly, but now without the problematic cross terms! In fact with the generic complex
structure (4.15) the metric along the xy directions take the form:
d1 |dχ1|2 = (1 + A21) dx2 + (1 +B21) dy2 + 2cA1B1 dx dy. (4.18)
By construction, the metric preserves supersymmetry because it is written in terms of tori
with non–trivial complex structure. To show that this metric preserves the precise amount
of supersymmetry as that of the original resolved conifold, we have to project our space
with Zm2 orbifold action, m being some specific integer. Unfortunately, these Z2 actions
are not visible in the metric, so one cannot infer them from the above analysis.
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We have already taken care of the points (a), (b) and (c). Now let us deal with point
(d). We require our metric (4.10) to allow wrapped D5 branes and also some number
of D7 branes and O7 planes. A way to achieve this would be to lift the background to
F–theory or M–theory. In M–theory the back–reaction of branes and fluxes can be easily
evaluated along the lines proposed in [23]. The fluxes are of course the BNS fields and the
BRR fields that form the sources of the wrapped D5 branes. The final answer is gained
by simply replacing the initial harmonic function h with a different harmonic function H
that, from type IIB point of view, satisfies
⊓⊔ H = HNS ∧HRR + π
2α′2
4
24∑
i=1
bi tr(Ri ∧Ri) δ2(z − zi) (4.19)
where i sums the number of branes and planes, each contributing a factor of bi amount
of tr(Ri ∧ Ri). These bi’s have been worked out in [59], [60], [61]. The positions of these
branes and planes on the X, Y spaces are denoted by complex coordinates zi. Wrapped
D5 branes, and D3 branes will have additional contributions to the warp factor. These
details appeared in [30].
The direction dr is non–compact and therefore the metric allows many wrapped D5
branes with no restrictions from the anomaly condition [62]. The 2d surface with metric
ds2xy will have points where the F–theory fiber degenerates, creating D7 branes and (p, q)
seven branes. In special limits, these seven branes behave like non–dynamical O7 planes.
Since O–planes are perturbative, these limits are at small type IIB coupling [28], [54]. The
fact that this configuration of D5 branes and seven branes preserves supersymmetry can
be easily seen from the number of intersection points. In the figure below:
the D5 branes wrap a torus along (θ2, y) and extend along x
0,1,2,3. The seven branes
are stretched along θ2 (given by the strip in the above figure) plus (θ1, r, z) directions
inside the manifold along with the usual x0,1,2,3 directions. Such a configuration preserves
supersymmetry. This way we take care of point (d).
To further clarify the issue, we compare our results with the ones of [57], where D7
branes together with fractional D5 branes were considered. They dealt with an N =
2 theory as a Z2 orbifold of the D3/D7 solution. The D3 branes were orthogonal to
R4/Z2 × R2 and the D7 branes were wrapped on the R4/Z2 and a point in R2. At the
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orbifold point the singularity can be resolved by blowing up a P 1 cycle. If the P 1 cycle is of
vanishing size and with a finite NS flux through it, then the D5 branes which are wrapped
on P 1 are fractional D3 branes. A T–dual on the angular direction of the vanishing P 1
cycle gives a type IIA brane configuration with NS branes and D4 branes [63]. The N = 2
configuration of [57] can be rotated to one with N = 1 supersymmetry, where the R4/Z2
is replaced by a conifold singularity. In this case the fractional D3 branes are D5 branes
wrapped on a vanishing P 1 cycle at the conifold point. The T–dual is taken with respect to
an S1 in the base of the conifold and the T–dual picture is an elliptic model with circular
D4 brane [51][52]. The worldvolume of the D7 branes contains the vanishing cycle.
It would then appear that the D7 branes and D5 branes have two common directions
if the vanishing cycle is made finite. This would raise serious doubts as the configuration
would be non–supersymmetric. But this is not an allowed process, the reason being dis-
cussed at length in [22]. We used the fact that in the conifold case, the distance between
the NS branes in the T–dual picture is given by the flux of NS field through the vanish-
ing 2–cycle. For the resolved conifold the distance between the NS branes in the T–dual
picture is given by the size of the P 1. As these are two independent quantities, we cannot
identify them. There is no continuous way to take the D7 on the conifold with fluxes to
the D7 branes on the resolved conifold, as they have at least one different radial direction.
Therefore we can have a D5–D7 intersection on one internal direction since the resolved
conifold metric will allow this configuration12. It would be very interesting to discuss in
detail the supergravity solution by considering the back–reaction of the D7 branes, in the
spirit of [57] (see also [64] for recent developments in this direction).
Before we discuss case (e), we should raise the important question whether the metric
that we derived at the orientifold point (4.10) or (4.12) shows any geometric transition
or not. Can we shrink the two cycle on which we have wrapped D5 branes and go to a
background that has only fluxes with possible D7 branes and O7 planes? In other words,
away from the orientifold point the type IIB metric with wrapped D5 branes on a resolved
conifold shows geometric transition. What happens at the orientifold point? Since, at the
orientifold point we have removed the cross terms in the metric, it is a–priori not clear
whether one can see the geometric transition or not. This might look a little disappointing,
as we seem to lose the main reason of going to the type I scenario. One way out of this
12 We would like to thank Radu Roiban and Bogdan Florea for discussions on this and related
issues.
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would be not to go to the orientifold point at all. But away from orientifold point we do
not have any ways to go to type I!
This dilemma is resolved nicely by examining the metric in type I after two T–dualities
on the metric (4.10). We find an interesting surprise here. Imagine we perform two T–
dualities on the metric away from the orientifold point. Of course the final metric will
remain in type IIB, but the two metrics13 that we get by doing this look exactly the
same up to a possible warp factor along the dz direction! Thus, in this sense, the type I
background that we will find after two T-dualities, will be dual to the type IIB background
before geometric transition.
To confirm this claim, let us explicitly T–dualize the metric (4.10). Before we can do
this we first require the following two steps:
• Insertion of the wrapped D5 branes along with the D7 and O7 planes, and
• Specify the background HNS field at the orientifold point.
The first step is easy. We write the metric (4.10) but now with the harmonic function
H put in. This amounts to simply replacing h in the original definition of A1, B1 by H,
without any other changes.
For the second step, i.e. determining the value of the background HNS , we recall that the
only HNS field that is invariant under the orientifold projections should have one of its
components14 along the duality directions X or Y . Although the original choice of BNS
field (3.2) satisfies this condition, we will adopt a more generic ansatz. This is because
the original choice (3.2) is suited for the specific metric that we had earlier. Since we are
changing the metric by choosing all di in (4.12) constant, we require a more general ansatz
for the B field. Let us therefore take
BNS = bxi dx ∧ dζi + byj dy ∧ dζj (4.20)
where ζi = (θ1, θ2, z, r), generically. Since the components of B field have one leg along
the duality directions, we see that this would survive the orientifold action. We will also
take both bxi and byj to be functions of (θ1, θ2, r)
15.
13 One by T–dualizing (4.7) with D5, D7 and (p, q) seven branes inserted in, and the other by
T–dualizing (4.12) with D5, D7 branes and O7 planes inserted in.
14 Recall that away from the orientifold point we can always excite other components of the
B field that do not have any legs along the duality directions. At the orientifold point these
components are projected out.
15 The reason why the components are independent of functions along the Z direction is because
of mirror symmetry.
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The analysis including all the components along the (θ1, θ2, z, r) directions is pretty
involved, so we will simplify the analysis by first taking
bxi ≡ bxθ1 , byj ≡ byθ2 , c = 1. (4.21)
These simplifying choices do not change any of the dualities that we will perform, as one
can easily put back the other components to get the complete result. On the other hand
these choices will be useful to see the fibration structure in the type I scenario in a simple
way. The final metric after two T–dualities is similar to the one worked out in [30], [31],
and is given by:
ds2 =
1
gyy
(dy +Bµydx
µ +Bxydx+Bzydz)
2 − 1
gyy
(gyµdx
µ + gyxdx+ gyzdz)
2
+ gµνdx
µdxν + 2gxνdxdx
ν + 2gzνdzdx
ν + 2gxzdxdz + gxxdx
2 + gzzdz
2,
(4.22)
where gmn is the metric after one T–duality along X direction:
gmn =

1
1+A2
1
0 0 − bxθ1
1+A2
1
0
0 1
〈α〉(1+A2
1
)
0 0 0
0 0 1 0 0
− bxθ1
1+A2
1
0 0 γ4 +
b2xθ1
1+A2
1
0
0 0 0 0 γ+4a
2
4

. (4.23)
Similarly, the BNS field after one T–duality appearing in (4.22) is given by:
Bmn =

0 −A1B1
1+A2
1
0 0 0
A1B1
1+A2
1
0 0 − bxθ1A1B1
1+A2
1
byθ2
0 0 0 0 0
0
bxθ1A1B1
1+A2
1
0 0 0
0 −byθ2 0 0 0

(4.24)
where the components of the matrices for the metric and the B field follow the same order
as used so far. The final metric in type I is now found to be:
ds2 = 〈α〉(1 + A21) (dy − byθ2 dθ2)2 + 〈α〉(1 +B21) (dx− bxθ1 dθ1)2 + γ′
√
Hdr2
− 2〈α〉A1B1 (dx− bxθ1 dθ1)(dy − byθ2 dθ2) + dz2 + d2|dχ2|2,
(4.25)
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with vanishing BNS. The above metric follows exactly the criteria laid down in [15],
namely, whenever we see dx and dy we have to replace them with the b dependent fibration
(dx− bxθ1 dθ1) and (dy− byθ2 dθ2), respectively. The only other change is the warp factors
in front of the metric components. By construction this metric can be easily shown to be
non–Ka¨hler. A similar fibration structure, leading to a non–Ka¨hler metric, was proposed
earlier in a series of papers [30], [31], [32], [33](see also [65]).
Let us now show that this metric is indeed dual to some type IIB metric. We will
explicitly T–dualize the type IIB metric away from the orientifold point, i.e. our starting
metric will be (4.7). Here we use the approximation (4.14), i.e. the seven branes are far
away and therefore the base metric can be approximated by a resolved conifold. The BNS
field remains the same with components bxθ1 and byθ2 . As we have seen, these components
not only survive the orientifold projections, but are also solution to the equation of motion.
After two T–dualities the metric will be similar to (4.22), but we will remain in type IIB
theory. The values of gmn appearing in (4.22) are:
gmn =

1
1+A2 0 0 −
bxθ1
1+A2 0
0 1α(1+A2)
B
1+A2 0 0
0 B
1+A2
1
1+A2
0 0
− bxθ11+A2 0 0 γ4 +
b2xθ1
1+A2 0
0 0 0 0 γ+4a
2
4

(4.26)
Comparing with (4.23) we see that there are some specific changes. First, the dz2 compo-
nent is now no longer 1 but is more complicated. We have also developed a new component
along the dydz direction, that was absent in (4.23). Furthermore, all the other components
have remained the same, but are not measured w.r.t. the expectation values any more,
they will coincide with the approximation (2.6). On the other hand, the BNS field turns
out to be:
Bmn =

0 − AB1+A2 − A1+A2 0 0
AB
1+A2
0 0 − bxθ1AB
1+A2
byθ2
A
1+A2 0 0 −
bxθ1A
1+A2 0
0
bxθ1AB
1+A2
bxθ1A
1+A2 0 0
0 −byθ2 0 0 0

(4.27)
Again, comparing with (4.24), we see that we have developed new components along
dz ∧ dθ1 and dx ∧ dz directions. These new components are related to the cross terms in
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the type IIB metric away from the orientifold point. The final metric in type IIB after two
T–dualities therefore will take the following form:
ds2 = α(1 + A2) (dy − byθ2 dθ2)2 + α(1 +B21) (dx− bxθ1 dθ1)2 + γ′
√
Hdr2
− 2 αAB (dx− bxθ1 dθ1)(dy − byθ2 dθ2) + αdz2 + d2|dχ2|2
(4.28)
with the corresponding BNS given by
B
(2)
NS = −αA(dx− bxθ1dθ1) ∧ dz − αB(dy − byθ2dθ2) ∧ dz. (4.29)
Compare this metric with the one that we got for type I theory (4.25). We see that if
we impose the limit (2.6), these two metrics are exactly the same up to one possible warp
factor for the dz2 directions. For the metric (4.25), the dz2 term comes with coefficient 1,
whereas in (4.28) the dz2 term comes with coefficient 〈α〉 when we use (2.6). This if we
redefine the z direction in (4.25) as
z =
√
〈α〉 z′ (4.30)
then the two metrics will coincide exactly. The metric in type IIB (4.28) shows geometric
transition because it is T–dual to the original type IIB metric that showed geometric
transition. Using this analogy, we see that the type I metric will form the precise dual to
the type IIB metric and therefore this will provide the geometric transition dual to type
IIB in the type I theory.
In terms of our previous discussion, after the two T–dualities the three regions with
D7 and O7 overlap such that it is natural to obtain an identical metric after taking 2
T–dualities for each of them. In type I there is no distinction between regions which are
close or far away from the orientifold plane as the orientifold plane is an O9 plane and
there is no extra direction to separate from it.
At this point we have to study what this background represent in the type I theory.
Since the background originates directly from type IIB via T–dualities, it should be related
to wrapped D5 branes on this non–Ka¨hler background. In fact, as we will discuss soon,
under an S–duality this will be transported to heterotic theory on a non–Ka¨hler background
with NS5 branes. The NS5 branes are the sources of torsion in this scenario. This fits
exactly with the picture developed in [66]. We will discuss more on this connection in
section 5. But first we need the other fields, i.e. the RR three form and the dilaton for the
type I background.
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To get the HRR for the type I we cannot simply T–dualize HRR of type IIB (3.3), be-
cause HRR of type IIB is in fact not invariant under the orientifold action. The problematic
components are:
c2 cot θ̂1 dx ∧ dθ2 ∧ dy − c3 cot θ̂2 dy ∧ dθ1 ∧ dx (4.31)
that pick up minus signs under the orientifold action. The coefficient c2, c3 are defined in
[15], [20]. The only components that could remain invariant under the orientifold action
will be the ones that have one leg along X or Y directions. Let us therefore use the
following ansatz for the RR field in type IIB theory at the orientifold point:
HbRR = Hbykl dy ∧ dζk ∧ dζl + Hbxij dx ∧ dζi ∧ dζj
= Hbyzθ2 dy ∧ dz ∧ dθ2 +Hbxzθ1 dx ∧ dz ∧ dθ1 +
+ Hbxzr dx ∧ dz ∧ dr + Hbyzr dy ∧ dz ∧ dr
(4.32)
along with the BNS field given by (4.20)
16. The axion–dilaton is zero because at the
orientifold point the seven brane charges are cancelled exactly. Along with the metric
(4.10), (4.16) and (4.17), the above set of background will provide the complete solution
of the type IIB system at the orientifold point.
Before we move ahead, we need to see whether the choices of HbRR and HNS are
compatible with the metric that we have at the orientifold point (4.10). A careful look at
the metric tells us that the metric is actually a toroidal orbifold with non–trivial complex
structures. This situation is now similar to the one that was seen earlier in [31], namely,
a toroidal orbifold compactification of type IIB theory with fluxes. As in [31], the fluxes
will fix the complex structures of the type IIB manifold (4.10) at the orientifold point.
One choice of HNS and H
b
RR fluxes that would do the job are constant fluxes (this doesn’t
mean that the BNS and BRR are constants). For such fluxes, there is a constraint coming
from the choice of the components:
BNS[xm B
RR
ny] = 0 (4.33)
which was shown in [31], [33]. This constraint has implications when we determine the
type I RR field.
16 Observe that we have chosen only few components of the three-form field. This is for sim-
plicity. We can always choose all the twelve components. None of the analysis will be affected by
this choice.
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Performing two T–dualities on this background will determine the type I theory for
us. We have already used this to get the metric. For the generic choice of BNS field, the
fibration structure of the type I metric will simply change to
(dx− bxθ1 dθ1) → (dx− bxi dζi), (dy − byθ2 dθ2) → (dy − byj dζj). (4.34)
The question now is whether there are other changes in the metric when we choose con-
stant background fluxes. It turns out when the background fluxes are arbitrary and not
constants, the value of c is typically 1. For constant background fluxes, as the one chosen
in [31], [30] the value of c turns out to be
c = 0. (4.35)
This can be easily shown by minimising the type IIB superpotential (1.1). It turns out
that (4.34) and (4.35) are only changes that we have to do to the metric.
Let us now evaluate the RR fields of type I. Something interesting happens now.
When we perform two T-dualities on the type IIB background, the components of type I
RR field that are orthogonal to the duality directions X, Y take the following form17:
BImn = a0 D
+
xymn + a1 B
NS
[xm B
RR
ny] + a2 B
NS
x[m B
RR
n]x + a3 B
NS
y[m B
NS
n]y (4.36)
with D+ being the four–form that has both legs along the duality directions. This vanishes
trivially because in the presence of NS and RR three–forms we do not require the five form
to be self–dual. The ai now take the following values:
a0 = 1, a1 = 6, a2 =
cA1B1
1 + A21
, a3 = −2φ˜ (4.37)
where φ˜ is the type IIB axion background. Imposing the constraints (4.33) and (4.35)
we see that the type I three–form fields that do not have any legs18 along the duality
17 See [31] for a derivation of this.
18 The type I B field that has both legs along the duality directions also vanish because for this
a0 = a1 = a2 = 0, a3 = −φ˜.
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directions vanish! Therefore performing two T–dualities on (4.32) (and the coupling) gives
the following type I RR field (and coupling):
HIRR = Hbxzθ1 dy ∧ dz ∧ dθ2 −Hbyzθ2 dx ∧ dz ∧ dθ1 +
+ Hbxzr dy ∧ dz ∧ dr − Hbyzr dx ∧ dz ∧ dr
gI =
√
〈α〉,
(4.38)
which along with the metric (4.25) will determine the type I dual background before
geometric transition in type IIB theory.
There are several issues that need to be mentioned at this point. First, observe that
the dilaton in type I theory no longer vanishes, even though the corresponding type IIB
theory has a vanishing dilaton–axion. Second, we still have to determine the background
values of HbRR. We shall determine them below and compare the result using torsional
constraints [45], [36] later when we go to the heterotic theory. Third, in determining the
HIRR we see the dx, dy terms do not have the expected fibration structures that the type I
metric possesses. This phenomenon was also observed in [31], [30] where the metric showed
the fibration structure but the B field did not. The reason for this is simple. Any zθi–cross
terms in the B field would in fact come from a term that is proportional to (4.33) as we
saw in (4.36) (see also [31] for a derivation of this). Since this term is identically zero,
the BRR lacks any fibration structure. This reasoning would remain true for completely
generic BNS and BRR
19: (4.33) would serve to eliminate all components that do not have
one leg along X or Y , ergo to forbid any fibration structure. Fourth, the background that
we determined for type I is in fact incomplete, because we have not specified the gauge
bundle yet. The gauge bundle has to satisfy the usual Donaldson–Uhlenbeck–Yau (DUY)
equation
gab¯F iab¯ = 0 (4.39)
where g is the type I metric (4.25) written in terms of complex coordinates, and i counts
the number of D9 branes along with the Wilson lines on it; along with another constraint
on tr F i ∧ F i:
tr F i ∧ F i = tr Ri ∧Ri − i∂∂¯J (4.40)
19 Note, that BNS and BRR are still constrained by the orientifold action, so the most generic
case would only allow xz, xθ1, xθ2 and xr components (plus x↔ y)
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which was first discussed in some details in [33]. The solutions to these two equations
are rather non–trivial, so we will not address them here. Furthermore, the fact that we
can write the DUY equations in terms of a, b¯ means that the complex structure in type
I theory is integrable even though the manifold is non–Ka¨hler. We already encountered
such kind of manifolds in [30], [31], [32], [33]. The difference is that those manifolds were
compact. Here we find new complex non–Ka¨hler manifolds that are non–compact. On the
other hand, the non–Ka¨hler manifolds encountered in [15] for the type IIA theory were
non–complex and non–Ka¨hler. It is interesting to see that as we move down the duality
chain we go from non–complex, non–Ka¨hler in type IIA to complex Ka¨hler in type IIB
and then to complex non–Ka¨hler in type I (and also in heterotic)!
To determine the background BbRR we can use the type IIB supergravity equation
of motion. We already know the background BbNS and the metric along with the axion–
dilaton. Therefore, the background supergravity equations are much simpler here. In fact,
they become even simpler if we use the supersymmetry variation equations. The second
order differential equations for the BbRR become first order equations:
HbRR ≡ Hb = ∗ HbNS (4.41)
as conjectured first in [1], and later shown to occur from the primitivity equation20 in
M–theory [23]. Now using the BbNS field and (4.41), we can determine the non–zero
components of HRR as
21:
Hbryz = α1 ∂[θ2bxθ1], Hbθ2yz = α2 ∂[rbxθ1]
Hbθ1xz = α3 ∂[rbyθ2], Hbrxz = α4 ∂[θ1byθ2]
(4.42)
where the coefficients αi are determined from the Hodge star and the epsilon tensor that
appears in (4.41).
20 The primitivity equation basically tells us what choices of fluxes on a given fourfold preserve
supersymmetry [49].
21 Again, the generic choice will involve twelve equations. We will however continue using these
components only.
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4.2. Background after geometric transition
Having given the background before geometric transition, we now determine the cor-
responding metric after geometric transition in type I theory. To do so we have to go
through the details that we discussed for the case before geometric transition again. Some
preliminary analysis has been done earlier in [50] and [23] where fourfolds with bases hav-
ing a conifold singularity were discussed (see also [67]). In [50] the base of the fourfold was
shown to be a hypersurface given by a quartic equation in P 4:
z25
(
4∑
i=1
z2i
)
− t2z45 +
4∑
i=1
z4i = 0 (4.43)
where zi are the homogeneous coordinates of P
4 and t is a real parameter. In [23], a similar
but compact model was constructed with Euler number χ = 19728. The [50] model, that
is non–compact has Euler number χ = 1728.
The fourfold can be constructed by a T 2 fibration over this hypersurface. At a generic
point this allows (p, q) seven branes. The above hypersurface can be analyzed at the locus
where z5 = 1. We see that (4.43) reduces over this locus to
4∑
i=1
(z4i + z
2
i ) = t
2 (4.44)
which, when taking the real part of zi, becomes the equation for an S
3 of a deformed
conifold. This is again the limit with the seven branes far away. The metric away from the
orientifold plane can therefore be approximated by the one given in (3.47), with the warp
factors hi as defined in (3.51). At the orientifold point, this metric clearly cannot suffice,
because of the non–zero dx dz, dy dz, dx dθ2 and dy dθ1 components. The components
dx dθ2 and dy dθ1 can be eliminated by the usual trick that we applied earlier, namely using
the transformation equation (4.33) of [15]. In this way the starting type IIB background
away from the orientifold point (and with h replaced by H in the warp factors hi) can be
approximated as:
ds2 = h1[dz + a1dx+ a2dy]
2 + h2[dy
2 + dθ22] + h4[dx
2 + h3dθ
2
1]
+ h5[dθ1dθ2 − dxdy] + γ′
√
H dr2
BNS = bxθ1 dx ∧ dθ1 + byθ2 dy ∧ dθ2
(4.45)
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which is a Ka¨hler background and is in fact precisely the Klebanov–Strassler background
under the transformation (4.33) of [15] (and with the dz direction delocalized). We have
also used x, y to denote the coordinates instead of x̂, ŷ to avoid clutter.
At the orientifold point we still cannot use the above metric because of the cross terms
dx dz and dy dz. The metric that we require would follow the criteria laid down earlier
(before geometric transition). The metric will again look like (4.10):
ds2 = b1 |dχ1|2 + b2 |dχ2|2 + b3 dz2 + b4 dr2 (4.46)
but now the complex structures will be different. In fact, due to the relation (which is easy
to see from (3.51)):
h5 = 2a1a2h1 => Re τ1 = 0 (4.47)
but Re τ2 6= 0. This is opposite to what we had earlier: Re τ1 6= 0 and Re τ2 = 0 for
generic c. This also means that (4.46) naturally has c = 0.
At this point we see that the bi defined above are again functions of the radial and the
angular coordinates i.e. bi ≡ bi(θ1, θ2, r). The generic analysis with non–trivial functions of
bi is complicated and therefore we will approximate these coefficients by constants. These
constant values will be motivated by the fact that in some region, when we move the seven
branes away, the space is given by the hypersurface (4.44) and therefore the metric will
resemble (4.45). Now imposing the condition (2.6), and taking the same symbol hi to
represent the expectation values of hi’s, we can write the complex structure of the two tori
in (4.10) as:
τ1 = i
√
h2 + a22h1
h4 + a21h1
, τ2 =
1
h3h4
[
a1a2h1 + i
√
h2h3h4 − a21a22h21
]
. (4.48)
The coefficients bi in (4.46) will be given by:
b1 = h4 + a
2
1h1, b2 = h3h4, b3 = h1, b4 = γ
′
√
H (4.49)
where H has already been derived earlier. The metric after two T–dualities in type I will
again have the same form as (4.22), but now gmn will be given by the following matrix:
gmn =

1
h4+a21h1
0 0 − bxθ1
h4+a21h1
0
0 h2 + a
2
2h1 0 0 0
0 0 h1 0 0
−bxθ1
h4+a21h1
0 0 h3h4 +
b2xθ1
h4+a21h1
h5/2
0 0 0 h5/2 h2

(4.50)
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where hi are the expectation values of hi, unless mentioned otherwise. Observe that we
have taken the BNS field to be (4.20) again with the same simplifying choices that we
made earlier. Observe also that the terms in the above matrix are different from the ones
that we had in (4.23) or (4.26). This is expected from the choice of type IIB background
(4.45) itself . On the other hand, the B field appearing in (4.22) is much simpler than its
cousin (4.24), and (4.27). In matrix form it is given by:
Bmn =

0 0 0 0 0
0 0 0 0 byθ2
0 0 0 0 0
0 0 0 0 0
0 −byθ2 0 0 0

(4.51)
where as we see, most of the components are zero. The fact that only byθ2 appears is clear,
as the other component of the B field bxθ1 dissolves in the metric. Using these matrices,
the final type I metric can be written in a concise way as:
ds2 =
1
h2 + a22h1
(dy − byθ2dθ2)2 +
1
h4 + a21h1
(dx− bxθ1dθ1)2
+ h1dz
2 + h3h4|dχ2|2 + γ′
√
H dr2
(4.52)
with, of course, vanishing BNS.
To show that this metric is indeed the geometric transition dual of the type I metric in
(4.25) we have to show that it is also in some sense dual to the IIB metric after geometric
transition. So, we need to find the metric away from the orientifold point, after two
T–dualities. The final metric is of course (4.22), but now gmn is given by:
gmn =

1
h4+a21h1
0 0
−bxθ1
h4+a21h1
0
0 h2 + a
2
2h1 a2h1 0 0
0 a2h1
h1h4
h4+a21h1
0 0
− bxθ1
h4+a21h1
0 0 h3h4 +
b2xθ1
h4+a21h1
h5/2
0 0 0 h5/2 h2

(4.53)
where hi no longer represent the expectation values any more. Observe that we have, as
before, developed non–zero cross terms dy dz. And similarly the dz2 term has become
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more complicated. The B field also develops more components from the ones that we had
in (4.51), and is now given by
Bmn =

0 0 − a1h1
h4+a21h1
0 0
0 0 0 0 byθ2
a1h1
h4+a21h1
0 0
bxθ1a1h1
h4+a21h1
0
0 0 − bxθ1a1h1
h4+a21h1
0 0
0 −byθ2 0 0 0

(4.54)
where again hi are not the expectation values any more. With these, the final type IIB
metric after two T-dualities will now be given by:
ds2 =
1
h2 + a22h1
(dy − byθ2dθ2)2 +
1
h4 + a21h1
(dx− bxθ1dθ1)2 + γ′
√
H dr2
+ h1
[
h2h4 − a21a22h21
(h4 + a21h1)(h2 + a
2
2h1)
]
dz2 + h3h4|dχ2|2.
(4.55)
Comparing (4.55) and (4.52) we see that imposing (2.6) the two metrics are exactly iden-
tical up to a possible warp factor for the dz direction. Thus (4.52) will form the dual to
type IIB theory after geometric transition.
We now want to consider the corresponding RR background and coupling in type I
theory after geometric transition. For this again we have to look at the RR background in
type IIB theory at the orientifold point, that is invariant under the orientifold action. Let
us therefore make the following ansatz for the RR background in type IIB theory:
HbRR =H˜byzθ2 dy ∧ dz ∧ dθ2 + H˜bxzθ1 dx ∧ dz ∧ dθ1 +
H˜bxzr dx ∧ dz ∧ dr + H˜byzr dy ∧ dz ∧ dr
(4.56)
which is similar to the HbRR choice that we made earlier. The values for H˜
b will be given
by an equation similar to (4.42) with Hb replaced by H˜b with no other changes. We will
be able to compare this with another calculation later when we go to the heterotic side.
The type I coupling and the RR form can now be determined as
HIRR = H˜bxzθ1 dy ∧ dz ∧ dθ2 − H˜byzθ2 dx ∧ dz ∧ dθ1 +
+ H˜bxzr dy ∧ dz ∧ dr − H˜byzr dx ∧ dz ∧ dr
gI = (h4 + a
2
1h1)
−1/2(h2 + a
2
2h1)
−1/2 =
√
C′D′.
(4.57)
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The coupling turns again out to be constant as C′ and D′ are to be understood as expec-
tation values, i.e. C and D at fixed radius and angle. Thus, they will be independent of
functions of the internal coordinates of the manifold. The complete background can be
determined once we specify the solution to DUY equation (4.39) as before.
5. Supergravity Analysis in Heterotic Theory
Now that we have the type I background, it is time to find the corresponding heterotic
background. This is of course straight forward, as the heterotic background is simply the
S–dual of type I above. But there is more to it. Since the heterotic background comes
from S–dualizing the type I background, it inherits the B field of type I. This is now
interesting because the B field or equivalently the H field will in fact make this a torsional
background. Therefore we are in the realm of [45], [36], [32], [33] where a detailed study of
such backgrounds was performed, albeit, for a compact space. Here we have new torsional
backgrounds that are non–compact, non–Ka¨hler but complex.
Having a complex non–Ka¨hler background means that we can use the mathematical
construction developed in [32], [68], [69], [13], [33]. Since all these details have been exten-
sively described there, we will avoid discussing them here. Our description will therefore
be the bare minimum necessary for exposing the subject.
From the detailed studies done in [32],[33] (see also [45]) it is clear that these torsional
backgrounds allow two different choices of spin connections ω+ and ω−, which are deter-
mined by ±1
2
H. The question now is to see whether an equivalent of standard embedding
[70] is also allowed here. As discussed in [32] standard embedding here means the following
equation:
A = ω+ (5.1)
where A is the gauge bundle satisfying DUY equations (4.39), (4.40). The fact that the
other spin connection does not appear in this equation has been explained in [32]. Existence
of this equation implies that the (0, 2) supersymmetric non–linear sigma model (see second
reference of [45]) defined on this background satisfying the necessary conditions is finite to
all orders22. However, for the torsional background that was studied in [32], [33] and also
the one that we are going to study here, the equation (5.1) is not allowed. For the compact
case, this was argued in [32] (see also [72]). Allowing (5.1) would make the warp factor
22 To two loop orders it has been shown in [71].
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trivial and therefore the manifold would become Ka¨hler. We believe a similar argument
will go through for the non–compact case, too. This does not imply that the (0, 2) sigma
model is not finite here. The fact that now dH 6= 0 and the manifold is non–compact
modify the argumentation. A full analysis of this has not been done yet and we hope to
address it in the near future.
5.1. Background before geometric transition
After this general discussion, let us go back to the precise model in question. The
supergravity background for the heterotic case can be determined by S–dualizing the type
I background. The metric for our space will be given as
ds2 =
√
〈α〉(1 +A21) (dy − byj dζj)2 +
√
〈α〉(1 +B21) (dx− bxi dζi)2 +
γ′
√
H√〈α〉 dr2
− 2
√
〈α〉A1B1 (dx− bxi dζi)(dy − byi dζj) + dz
2 + d2|dχ2|2√〈α〉 .
(5.2)
which looks similar to the type I metric that we had in (4.25), as it should. The metric has
the usual fibration along the dx and the dy directions and the base is given by (θ1, θ2, r, z)
coordinates. The background B field (whose components depend on r, θ1 and θ2 only) that
will serve as the torsion and the coupling constant are given by:
Hhet ≡ H = Hbxzθ1 dy ∧ dz ∧ dθ2 −Hbyzθ2 dx ∧ dz ∧ dθ1 +
+ Hbxzr dy ∧ dz ∧ dr − Hbyzr dx ∧ dz ∧ dr
ghet =
1√〈α〉 .
(5.3)
Along with the solution to the DUY equation this will specify the complete background.
Let us now use the heterotic superpotential (1.4) to determine the Bhet. As was dis-
cussed in [29], [34], one can minimize the superpotential (1.4) to determine the background
torsional equation as:
H = ∗ dJ (5.4)
where J is the fundamental two form. This equation also appeared in [66]23. Having a
non–Ka¨hler manifold means that it will support torsion H. For a complex manifold, this
23 In fact in [66] the torsional equation isH = e2φ∗d(e−2φJ) for manifolds with SU(3) holonomy.
This reduces to the torsional equation that we proposed when the dilaton is a constant which, for
our case, is true.
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equation can be re–written as
H = i(∂ − ∂¯)J (5.5)
which is the familiar way the torsional equation first appeared in [36], [45], [72]. In the
analysis to follow we will, however, use (5.4) because it is written in terms of real variables.
To proceed further, we first need the vielbeins for our space. They are given by:
e1 =
1√
2
〈α〉 14 (1 +A21)
1
2
[
(dy − byj dζj) + γ2(dx− bxi dζi)
]
e2 =
1√
2
〈α〉 14 (1 +A21)
1
2
[
(dy − byj dζj) + γ3(dx− bxi dζi)
]
e3 =
d
1
2
2
〈α〉 14 dθ1, e
4 =
|τ2|d
1
2
2
〈α〉 14
dθ2, e
5 =
γ
′ 1
2H
1
4
〈α〉 14
dr, e6 =
dz
〈α〉 14
(5.6)
where we have already defined d2 and τ2. The other variables γ2 and γ3 are given as:
γ2 = − 1
1 +A21
[
A1B1 ± 1√〈α〉
]
, γ3 = − 1
1 + A21
[
A1B1 ∓ 1√〈α〉
]
. (5.7)
Having the vielbeins, we now need to determine the fundamental form J , so that we can
evaluate dJ , the deviation from Ka¨hlerity. The fundamental form is given by
J = e1 ∧ e2 + e3 ∧ e4 + e5 ∧ e6 = [J1]bxθ1=byθ2=0 + [J2] (5.8)
where dJ2 measures the actual deviance from Ka¨hlerity because dJ1 = 0 by definition.
Now we can easily evaluate J2 from the vielbeins (5.6), it is found to be:
J2 = −
[
bxi dy ∧ dζi − byj dx ∧ dζj + bxibyj dζi ∧ dζj
]
. (5.9)
Using (5.4) we get the following results for the three form H:
Hrxz = ∂[rB
het
xz] = η1 ∂[θ2bxθ1], Hθ2xz = ∂[θ2B
het
xz] = η2 ∂[rbxθ1]
Hθ1yz = ∂[θ1B
het
yz] = η3 ∂[rbyθ2], Hryz = ∂[rB
het
yz] = η4 ∂[θ1byθ2 ]
(5.10)
along with another relation:
Hxyz = η5 ∂[xB
het
yz] = 0 (5.11)
which vanishes because we have taken the Bhet to be functions of (θ1, θ2, r) and independent
of (x, y, z). The variables ηi can be evaluated from the epsilon tensor and Hodge star.
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To compare (5.10) with (4.42), observe that
Hhetxz(θ1,r) = −Hbyz(θ2,r), Hhetyz(θ2,r) = Hbxz(θ1,r), (5.12)
which is basically (5.3). Plugging this in (5.10) we get:
Hbryz = −η1 ∂[θ2bxθ1], Hbθ2yz = −η2 ∂[rbxθ1]
Hbθ1xz = η3 ∂[rbyθ2], Hbrxz = η4 ∂[θ1byθ2].
(5.13)
Comparing (5.13) with (4.42), we see that if we impose the following conjectured conditions
on αi and ηi
α1 = −η1, α2 = −η2, α3 = η3, α4 = η4 (5.14)
then we obtain perfect equality! The reason why we called this conjectured condition is
because αi are constants as we had used the limit (2.6) to go to the metric at the orientifold
point. Away from this limit, αi do not need to be constants. In that case they have to
be determined using the B fields, especially bxi and byj. Therefore, we expect αi to be
functions of bxi and byj . On the other hand ηi are in fact functions of bxi and byj , as can
be easily seen by working out the Hodge star. This is exactly what the equality (5.14)
implies here.
5.2. Background after geometric transition
After the geometric transition in type IIB theory the dual metric from the type I
picture can be easily brought in the heterotic framework via S–duality in the same manner
as before. The metric is now:
ds2 =
1
(h2 + a
2
2h1)
√
C′D′
(dy − byj dζj)2 + 1
(h4 + a
2
1h1)
√
C′D′
(dx− bxi dζi)2
+
h1√
C′D′
dz2 +
h3h4√
C′D′
|dχ2|2 + γ
′
√
H√
C′D′
dr2.
(5.15)
which is again similar to the type I picture developed earlier, i.e. (4.52). The torsion and
the coupling are
Hhet ≡ H˜ = H˜bxzθ1 dy ∧ dz ∧ dθ2 − H˜byzθ2 dx ∧ dz ∧ dθ1 +
+ H˜bxzr dy ∧ dz ∧ dr − H˜byzr dx ∧ dz ∧ dr
ghet =
1√
C′D′
(5.16)
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which, as before, along with the solution to the DUY equation will specify the complete
background.
To verify the torsional equation we can follow the same steps, with the H’s replaced
by H˜. It is easy to see that torsional equations similar to (5.13) are satisfied here, too.
However, for completeness we give the vielbeins for this case:
e1 = (h2 + a
2
2h1)
− 1
2 (C′D′)−
1
4 (dy − byj dζj), e2 = (h4 + a21h1)−
1
2 (C′D′)−
1
4 (dx− bxi dζi)
e3 =
1√
2
(h3h4)
1
2 (C′D′)−
1
4 (dθ1 + γ4dθ2), e
4 =
1√
2
(h3h4)
1
2 (C′D′)−
1
4 (dθ1 + γ5dθ2)
e5 = γ
′ 1
2H
1
4 (C′D′)−
1
4 dr, e6 = h
1
2
1 (C
′D′)−
1
4 dz
(5.17)
where we now see that the vielbeins e1 and e2 are simple because Re τ1 = 0, whereas
the vielbeins e3 and e4 contain mixed components because Re τ2 6= 0. For (5.6) this was
exactly the opposite. It is intriguing to see that, for generic c, before geometric transition
the heterotic dual manifold has Re τ1 6= 0,Re τ2 = 0 and after geometric transition the
heterotic dual manifold has Re τ1 = 0,Re τ2 6= 0. The variables γ4 and γ5 appearing in
(5.17) are defined as:
γ4 = Re τ2 ± Im τ2, γ5 = Re τ2 ∓ Im τ2 (5.18)
where τ2 was defined in (4.48).
At this point let us pause a little to ask what the two backgrounds derived above mean.
It is clear that the dual background before geometric transition is related to NS5 branes
wrapped on two cycles of the non–Ka¨hler manifold (5.2). Following the duality chain,
this comes from the D5 wrapped on a two cycle of a resolved conifold (which survives the
orientifold operation). After the geometric transition in type IIB theory we get a dual
background in heterotic that has only fluxes but no branes. The question here is whether
we can shrink the two cycle on which we have wrapped NS5 branes and get another
background with fluxes. At a more fundamental level, can the closed string background
with fluxes compute anything of the world volume dynamics on the wrapped NS5 branes?
We do not have any answer to this question yet. We will discuss a bit more on this in the
next section from the superpotential point of view.
A similar question can also be raised for the type I setting. The dynamics on the
wrapped D5 branes are known. It is the same theory as for the type IIB case. Whether
the closed string background that we gave earlier is a dual background for the D5 brane
theory can only be clear after some concrete analysis is performed.
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6. Field Theory and Geometric Transitions in Type I and Heterotic String
We now consider the primary region of interest in the above discussion, i.e. the
orientifold point. The field theory on the D5 brane will change from the usual one to a
theory describing D5 branes wrapped on a P 1 cycle of a resolved conifold. In the language
of type I, the paper [73] discussed the field theory on N D5 branes which appear as N
instantons. When all the N D5 branes coincide, the field theory gains an unbroken Sp(N)
symmetry. The T–dual type IIB picture will replace the N D5 branes with another set of
N D5 branes and there will exist an unbroken Sp(N) symmetry on the D5 branes.
The field theory on the N wrapped D5 branes is similar to the one on the probe D3
branes considered in type IIB in [74]. The difference is that the wrapped D5 branes are fixed
on the P 1 cycle so that the antisymmetric hypermultiplet (which comes from projecting
an N = 2 adjoint field) is not part of the theory. We only have an N = 2, Sp(N) theory
with four flavors of matter field in the fundamental representation (given by the four D7
branes which touch the D5 brane).
What is the superpotential of the theory? This can be obtained from the field con-
figuration present after the transition. It involves HRR instead of D5 branes and HNS .
Besides, the orientifold O7 plane and the D7 branes survive the transition. They will be
grouped identically as in the configuration before the transition. Therefore one is still at the
orientifold point where the axion and dilaton do not vary. The well known superpotential
WIIB =
∫
(HRR + τHNS) ∧ Ω, (6.1)
still appears. Here Ω is the usual holomorphic (3,0) form of the base discussed earlier.
But there is another contribution to the superpotential which comes from the D7 branes
and this can be calculated using arguments similar to the ones in [75]. The contribution
of the D7 branes appears as a Chern–Simons term analog to the holomorphic Chern–
Simons computation for D5 branes wrapped on holomorphic cycles. Even though it is now
more difficult to identify the four–cycles around which the D7 branes are wrapped, the
computation of the Chern–Simons action as a function of the complex structure of the
manifold would proceed similarly to [75].
We now study the transformation of the type IIB superpotential under two T–
dualities. In the type I theory we get several contributions to the superpotential. The
first one appears as
∫
dBRR ∧ Ω, which originates from the similar term appearing in the
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type IIB theory. The second one comes as dJ ∧Ω, [29], [34] and is due to the fact that the
type I theory is compactified on a non–Ka¨hler manifold which has a non–zero dJ .
The third and the most intriguing one appears as a holomorphic Chern–Simons func-
tional
WACS =
∫
tr
(
A ∧ dA+ 2
3
A ∧ A ∧A
)
∧ Ω, (6.2)
where A is the SO(32) gauge field. One would naively think that this term appears as
an extra term compared to the type IIB theory but, in view of the above discussion, it is
not. This contribution actually arises rather naturally because of the extra Chern–Simons
contribution coming from the field theory on the D7 branes, which survive the transition24.
The two Chern–Simons terms can, and should, be mapped into each other.
The most generic superpotential for the type I theory is then [29],[34]
WI =
∫
(dBRR + idJ) ∧ Ω+WACS +WωCS , (6.3)
where WACS and W
ω
CS are the gauge and the gravitational Chern–Simons terms, respec-
tively. This will describe the low–energy effective theory on the small instanton D5 branes
of the type I superstring.
Performing an S–duality to go from type I string to the heterotic string, the D5 branes
become NS5 branes, the field HRR becomes HNS ≡ H and the compactification manifold
remains non–Ka¨hler. The superpotential therefore is [29], [34]
Whet =
∫
(H + idJ) ∧ Ω, (6.4)
where H is the usual three–form of the heterotic theory satisfying dH = tr R∧R− 130 tr F ∧
F . Furthermore, the D9 branes and O9 planes have disappeared and the flavor degrees of
freedom now live on the SO(32) vector bundle25.
What about the possibility of having a gluino condensate in the heterotic string as
described in [76]? The combination of fluxes and a gluino condensate has been considered
in [35][42] where it was argued that the superpotential (6.4) becomes
Whet =
∫
(H + idJ + Σ) ∧ Ω, (6.5)
24 For a derivation of this see [32].
25 In the examples that we studied in this paper the gauge group is broken to a smaller subgroup
by Wilson lines. These Wilson lines map to the distances between the stack of D7 branes in the
original type IIB picture.
51
where Σ is the expectation value for tr(χ¯Γmnpχ), χ being the gluino. For compact
Calabi–Yau, considered in [42], this typically fixes both the radius and the dilaton non–
perturbatively26.
The gluino condensate in equation (6.5) is different from the gluino condensate for the
field theory living on the NS5 branes. The NS5 brane is the S–dual of the type I D5 brane
and the field theory on the NS5 brane appears in the decoupling limit as discussed in [3].
The gauge coupling constant for the theory on the NS5 brane is inverse proportional to
the volume of the P 1 on which the NS5 is wrapped on.
The bulk gauge coupling constant is given by eφ, where φ is the four dimensional
dilaton given by [42]
φ =
Φ
2
− 6σ, (6.6)
where Φ is the ten dimensional dilaton and σ is the volume modulus. The volume scalar
ρ is [42]
ρ =
Φ
2
+ 2σ. (6.7)
Now, because the internal manifold is non–compact, σ is infinite so φ goes to minus infinity
and ρ goes to infinity. Because the gluino condensate is the exponential of a combination
of −eρ and −e−φ, in this limit it reduces to zero. This is indeed the expected result for a
non–compact manifold. This is because the initial type IIB picture contains non–compact
D7 branes and the gluino condensate on the D7 branes is then zero.
6.1. Geometric Transitions
We now would like to discuss the geometric transitions which type I strings and
heterotic strings should inherit from the type IIB theory after T–dualities and S–duality.
In type IIB theory geometric transitions, the superpotential is a holomorphic function
which is computed using topological strings on both the open string and the closed string
side. For the case of type IIA theory on the conifold, the results have been matched in [2],
where the non–Ka¨hlerity and non–complexity on the closed string side was first observed.
The non–zero dΩ on the closed string side controls the field theory bare coupling constant.
26 There is an interesting simplification when we go to the compact non–Ka¨hler case. Due to the
torsional equation (5.4) and the Bianchi identity of dHhet the scaling freedom of the fundamental
two form J is broken. This means that the radius of the manifold is fixed at tree level! The
fact that there exists a potential for the radial modulus which has a minimum was shown in [29].
Thus, this leaves us to fix only the dilaton non–perturbatively.
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The question now is whether the same topological string computations can be per-
formed for our case. In view of the original introduction of topological strings [77], these
objects are obtained after twisting two dimensional (2,2) theories. Progress has also been
made in defining topological strings for heterotic string theory [40]. Even though the
left–right symmetry of the worldsheet is absent in the heterotic case, the F–term of the
N = 1 supersymmetric theory is related to topological quantities. The topological parti-
tion function is related in this case to F–terms like W 2g, where W is now the N = 1 gauge
multiplet.
It would be very interesting to go further in this direction. This could provide us with
a recipe for computing the superpotential by using the twisted topological (0,2) theory.
One should remember that there is an extra ingredient due to the departure of the metric
from being complex and Ka¨hler. In terms of topological strings, there should be an extra
change similar to the one appearing in the recent proposal of [78] for the (2,2) theories.
A similar change due to the presence of torsion would be naturally expressed in terms
of some generalized complex geometry. In what concerns the actual computation of the
superpotential in terms of the topological string, it should be shown that the new open
topological strings contribute in a similar way to the ones of the A–model and B–model.
Once such a picture becomes clear, then it will be possible to see whether we can really
observe a geometric transition in heterotic or type I theory. The wrapped D5 branes on
a two–cycle of the non–Ka¨hler manifold in type I theory should be replaced by the other
background that we gave which had fluxes supported on another non–Ka¨hler manifold.
The dynamics on the wrapped D5 should also be obtained from this background27.
Another interesting future direction is to use our results as a tool for understanding
mirror symmetry for (0,2) theories [37][38][39]. As we have the metrics and we know how
to transform between mirror symmetric solutions in terms of T–dualities, one could try to
describe the mirror of the heterotic theory.
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